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Abstract
Supersymmetry has been studied as a fundamental law of nature by following reasons.
Firstly, supersymmetry prevents scalar fields from obtaining their large self energies, which
explains the large hierarchy between the electroweak scale and the Planck scale or the grand
unification scale. By breaking supersymmetry dynamically, the smallness of the electroweak
scale is explained by dimensional transmutation. Secondly, in the minimal supersymmmetric
extension of the standard model, three gauge coupling constants unify, as the SU(5) grand
unified theory predicts. Thirdly, the lightest super partner of standard model particles is a
candidate of dark matter. In order to test supersymmetry by experiments, it is necessary to
identify how supersymmetry is broken and how the breaking is mediated to super partners of
standard model particles, because they determine the mass spectrum of the super partners.
The heavy sfermion scenario is naturally realized when supersymmetry breaking fields are
charged under some symmetry or are composite fields. There, scalar partners of standard
model fermions and the gravitino are as heavy asO(10-1000) TeV while gauginos are as heavy
as O(1) TeV. The scenario is not only consistent with the observed higgs mass, but also is
free from cosmological problems such as the Polonyi problem and the gravitino problem. In
the scenario, gauginos are primary targets of experimental searches.
In this thesis, we discuss gaugino masses in the heavy sfermion scenario. First, we
derive the so-called anomaly mediated gaugino mass, which always exists in this scenario.
We formulate the anomaly mediation in the superspace formalism of supergravity with a
Wilsonian e↵ective action. We show that the path-integral measure plays a crucial role in
obtaining the anomaly mediated gaugino mass while preserving the super-di↵eomorphism
invariance. Then we calculate gaugino masses including other possible one-loop corrections
from light extra matter fields and the QCD axion. With these corrections, gaugino masses
deviate from the purely anomaly mediated case. We pay particular attention to the case
where some gauginos are degenerated in their masses with each other, because the thermal
relic abundance of the lightest supersymmetric particle as well as the the way to search
gauginos drastically change in this case. After calculating the thermal relic abundance of the
lightest supersymmetric particle for the degenerated case, we discuss the phenomenology of
gauginos at the Large Hadron Collider and cosmic ray experiments. The discussion provides
a comprehensive strategy to search gauginos in the heavy sfermion scenario.
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I. INTRODUCTION
Supersymmetry (SUSY) has been intensively studied as a fundamental law of nature for
following reasons. SUSY reduces degrees of divergences in quantum field theories [1], and
hence naturally explains the vast separation between the electroweak scale and the Planck
scale or the grand unification scale [2, 3, 4, 5]. If SUSY is broken by gauge dynamics, espe-
cially, the smallness of the electroweak scale is explained by dimensional transmulation. In
the minimal SUSY extension of the standard model (MSSM), three gauge coupling constants
unify, which is consistent with the prediction of the simplest grand unified theory (GUT),
namely the SU(5) GUT [6]. With an R parity preserved, the lightest SUSY particle (LSP)
is a good candidate of dark matter [7, 8].
The discovery of the standard-model-like higgs as heavy as 125 GeV [9, 10] strongly
constrains the mass spectrum of MSSM particles. In the MSSM, quartic couplings of higgs
fields are given byD term potentials of standard model gauge interactions in the SUSY limit.
Thus the mass of the standard-model-like higgs is lighter than the mass of the Z boson in
the SUSY limit.1 The observed large higgs mass indicates that quantum corrections from
SUSY breaking e↵ects to the quartic couplings are significant. A simple explanation is that
soft scalar masses are larger than about 3-5 TeV and hence the loop correction by the top
and the scalar top quark raises the quartic couplings [11, 12, 13, 14, 15].
We note that gravity mediated soft scalar masses larger than O(10) TeV are compatible
with physics in the early universe. Planck scale-suppressed mediation, where the gravitino
mass is as large as soft scalar masses, with the gravitino mass larger than O(10) TeV, is free
of the constraint from the Big-Bang-Nucleosynthesis even for a high reheating temperature
of O(109) GeV [16, 17, 18, 19, 20, 21, 22].
With scalar masses and the gravitino mass larger than O(10) TeV, one may naively
expect that the LSP mass is also of the same order, which leads to the overproduction of
the LSP from thermal bath in the early universe.2 However, if SUSY breaking fields are
charged or composite fields, gaugino masses are far smaller than soft scalar masses due to an
approximate classical super-Weyl symmetry. Actually, this is the case with many dynamical
1 We do not consider the case where the discovered higgs is not the lightest higgs.
2 If the reheating temperature of the universe is smaller than the mass of the LSP, a correct abundance of
the LSP can be obtained even if the LSP mass is O(10) TeV [23, 24, 25, 26, 27, 28, 29].
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SUSY breaking models (see e.g. Refs. [30, 31, 32, 33]).3 Note that SUSY breaking models
with charged or composite SUSY breaking fields are free from the Polonyi problem [35, 36].
In this thesis, we consider the SUSY breaking scenario where the gravitino mass is larger
than O(10) TeV and SUSY breaking fields are charged or composite, which we refer to
as the “heavy sfermion scenario”. The PeV SUSY [37, 38], the pure gravity mediation
model [39, 40, 41], the minimal split SUSY model [42] and the spread SUSY model [43]
belong to this scenario. In Sec. II, we review the theoretical framework of the heavy sfermion
scenario, including its cosmology.
Further, we assume that the Dirac mass term of the higgsino, so-called the µ term, is
also as large as the gravitino mass. Indeed, the µ term as large as the gravitino mass is
naturally explained if any charges of the up and the down type higgs chiral multiplets add
up to zero [44, 45] (see also Ref. [46]). The heavy sfermion scenario with this origin of the
µ term is called the pure gravity mediation model [39, 40, 41].
Assuming that the higgsino is heavy, we pay attention to gaugino masses in the heavy
sfermion scenario. In the heavy sfermion scenario, gaugino masses are at least given by
the anomaly mediation [47, 48]. The anomaly mediation yields gaugino masses propor-
tional to the gravitino mass and the beta functions of the corresponding gauge coupling
constants. The LSP is the neutral wino with a mass of O(0.1-1) TeV for the gravitino mass
of O(100-1000) TeV.4 Due to its large (co)annihilation cross-section, the thermal abundance
of the neutral wino is smaller than the observed dark matter abundance as long as the wino
mass is smaller than 3 TeV [49].
Sec. III is devoted to the derivation of the anomaly mediated gaugino mass in the super-
space formulation of supergravity with a Wilsonian e↵ective action [50]. In the superspace
formulation of supergravity [51], the anomaly mediated gaugino mass in the Wilsonian ef-
fective action invariant under the super-di↵eomorphism was not known [52, 53]. This is
because the graivitino mass, which is the origin of the anomaly mediated gaugino mass, is
the vacuum expectation value (VEV) of the scalar component of the supergravity multiplet.
Couplings of the supergraivity multiplet to the gauge multiplet are strongly constrained
by the super-di↵eomorphism invariance. Thus, it is di cult (actually impossible) to write
3 For a dynamical SUSY breaking model with a singlet SUSY breaking field, see Ref. [34] for example.
4 If the higgsino threshold correction is large, the bino can also be the LSP.
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down the anomaly mediated gaugino mass in the Wilsonian e↵ective action in a manifestly
super-di↵eomorphism invariant way. We give a super-di↵eomorphism invariant expression
of the anomaly mediated gaugino mass by taking the path-integral measure into account.
In Sec. IV, we discuss the deviation of gaugino masses from the prediction of the anomaly
mediation in the MSSM. In the presence of a flat direction coupling to gauge charged matters,
gaugino masses receive corrections as large as the anomaly mediation [54]. Actually, this
is the case with a KSVZ-type QCD axion [55, 56]. The KSVZ-type QCD axion couples to
vector-like matter fields charged under the standard model gauge interaction. Thus, gaugino
masses in general deviate from the prediction of the anomaly mediation in the MSSM if the
KSVZ-type QCD axion exists [57].
Gaugino masses also receive corrections as large as the anomaly mediation if there are
vector-like matter fields whose masses are smaller than the gravitino mass [58, 59, 60].
Actually, vector-like matter fields as heavy as the gravitino are predicted in models with an
anomaly free discrete R symmetry [61, 62].
With the above two corrections, the gaugino mass spectrum drastically changes. For
example, the gluino mass can be lighter than the prediction of the anomaly mediation in the
MSSM, which enhances the detectability of the gluino at the Large Hadron Collider (LHC).
We pay attention to the case where some gauginos are degenerated in their masses with
each other, because the thermal relic abundance of the LSP as well as the the strategy to
search gauginos drastically change in this case. We refer to this region of gaugino masses
as the “gaugino coannihilation region”. In Sec. V, we calculate the thermal relic abundance
of the LSP in the gaugino coannihilation region, and discuss the phenomenology of gaugino
searches at the Large Hadron Collider (LHC) and cosmic ray experiments.
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II. HEAVY SFERMION SCENARIO
In this section, we review the heavy sfermion scenario. We first review the relation be-
tween sfermion masses and the observed higgs mass, and show that heavy sfermion masses
are suggested. Then we discuss the mass spectrum of SUSY particles in the heavy sfermion
scenario, where SUSY breaking fields are charged or composite fields. As we will see, gaugino
masses are one-loop suppressed in comparison with soft scalar masses. Finally, we investi-
gate the compatibility of the heavy sfermion scenario with cosmology. We show the upper
bound on the wino mass from the thermal relic abundance of the wino. We also show that
the gravitino problem and the saxion/axino problem are considerably relaxed in the heavy
sfermion scenario.
A. Higgs mass and scalar mass
1. Tree level higgs mass
We first calculate the tree level higgs mass. At the tree level in the MSSM, the potential
of the up-type higgs Hu = (h+u , h
0
u)
T and the down-type higgs Hd = (h0d, h
 
d )
T is given by
V (Hu, Hd) =
 |µ|2 +m2Hu   |h0u|2 + |h+u |2 +  |µ|2 +m2Hd   |h0d|2 + |h d |2 
+
⇥
bH
 
h+u h
 
d   h0uh0d
 
+ h.c.
⇤
+
1
8
(g2 + g02)
 |h0u|2 + |h+u |2   |h0d|2   |h d |2 2 + 12g2|h+u h0⇤d + h0uh ⇤d |2, (1)
where µ, m2Hu , m
2
Hd
, bH , g and g0 are the supersymmetric higgsino mass, the soft scalar
squared masses of the up-type and the down-type higgs, the holomorphic quadratic soft
mass, the SU(2)L and U(1)Y gauge coupling constants, respectively.
The minimum of the potential in Eq. (1) is calculated in Appendix A. In this section we
assume the decoupling limit, where higgs bosons except for the standard-model like one are
far heavier that the Z boson. Then the standard-model like higgs h is given by
h0u !
1p
2
sin  h, h0d !
1p
2
cos  h, (2)
where tan  = hh0ui / hh0di. The potential of h is given by
V (h) =
 
8
(h2   v2)2, (3)
  ⌘ 1
4
cos2(2 )(g2 + g02), (4)
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FIG. 1: Threshold correction to the quartic coupling.
where v ' 246 GeV is the VEV of the higgs h determined by quadratic mass terms. Re-
membering that the mass of the Z boson is given by m2Z =
1
4(g
2+ g02)v2, the mass of h, mh,
is given by
m2h =  v
2 = cos2(2 )m2Z . (5)
At the tree level, the mass of the standard-model like higgs is lighter than the mass of the
Z boson, mZ = 91.2 GeV.
2. Quantum correction by SUSY breaking
The tree level mass of the higgs is bounded from above because the quartic coupling of
higgs   is given by the D term potential, whose value is restricted by SUSY. SUSY breaking
e↵ects can raise the quartic coupling through quantum corrections. At the one-loop level,
corrections are dominated by the following two e↵ects.
One is the finite threshold correction involving stops, whose one-loop diagrams are shown
in Fig. 1. They correct the quartic coupling as [11]
   =
6
16⇡2
y4t
✓
1
4
|Xt|2
m¯2
t˜
  1
192
|Xt|4
m¯4
t˜
◆
, (6)
Xt ⌘ At   µcot , m¯2t˜ ⌘
m2
t˜L
+m2
t˜R
2
, (7)
where yt, At, m2t˜L and m
2
t˜R
are the top yukawa, the soft trilinear coupling of higgses and
stops, the soft squared masses of the left-hand and right-hand stops, respectively. Another
is the running of the quartic coupling. For simplicity, we assume that SUSY particles have
the same mass and hence the running is determined by the standard model interaction from
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FIG. 2: Higgs mass for given soft mass scales and tan . The The blue band shows the observed
higgs mass, mh = 125.36± 0.8 GeV [64].
the soft mass scale down to the electroweak scale,
d
dlnµ
  =
1
16⇡2

12
 
 2   y4t +  y2t
      3g02 + 9g2 + 3
4
 
g04 + 2g02g2 + 3g4
  
, (8)
where µ is the renormalization scale. The correction in Eq. (6) should be added at the
soft mass scale and the renormalization equation (8) should be solved with the corrected
boundary condition at the soft mass scale.
In Fig. 2, we show the higgs mass obtained from Eqs. (6) and (8) with m2
t˜L
= m2
t˜R
=
|µ|2 ⌘ M2SUSY and |At| ⌧ MSUSY. Here, we have also included the threshold correction
at the electroweak scale summarized in Ref. [63]. The blue band shows the observed higgs
mass, mh = 125.36 ± 0.8 GeV [64]. It can be seen that mh ' 125.36 GeV is obtained for
su ciently large MSUSY. For example, for tan  = O(1), the observed higgs mass requires
MSUSY > O(100) TeV. For the recent accurate calculation, see Ref. [15].
B. SUSY breaking without singlet
In most of dynamical SUSY breaking models (see e.g. Refs. [30, 31, 32, 33]), SUSY
breaking fields are charged under some symmetry or are composite fields. We refer to this
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type of SUSY breaking as “SUSY breaking without singlet”. In this subsection, we discuss
the mass spectrum of SUSY particles expected in SUSY breaking without singlet.
We denote the SUSY breaking field as Z and assume the following simplest e↵ective
superpotential,
We↵ = ⇤
2Z +W0, (9)
where ⇤ is the SUSY breaking scale and W0 is a constant term.5 The gravitino mass
is given by m⇤3/2 = W0/M
2
pl, where Mpl is the reduced Planck mass. Vanishing of the
cosmological constant requires that |⇤|2 = p3|m3/2|Mpl, where we have normalized Z so
that it is canonical.
1. Soft squared scalar mass
Let us first discuss soft squared scalar mass terms of chiral multiplets Qi in the MSSM.
The SUSY breaking field Z in general couples to Qi through the Kahler potential,
K = QiQi¯† + ZZ† +
cij¯
M2pl
QiQj¯†ZZ†. (10)
We assume that the SUSY breaking sector couples to the standard model sector only through
Planck scale suppressed interactions and hence cij¯ is at largest O(1). The soft squared mass
term of Qi is given by
m2ij¯ =
 
 ij¯   3cij¯
  |m3/2|2. (11)
Thus, in general, the soft squared scalar mass term is as large as the gravitino mass. Among
MSSM higgses, only the standard model-like higgs is light while other higgses have the same
mass as large as the gravitino mass.
We note that generic cij¯ without any structures induce flavor changing neutral currents,
CP violations and lepton flavor violations. For discussions on these issues in the heavy
sfermion scenario, we refer to Refs. [65, 66, 67, 68, 69, 70, 71].
5 When the SUSY breaking field Z have a charge under some symmetry, ⇤ has a charge so that the
superpotential is invariant under the symmetry. That is, the SUSY breaking is associated with the
breaking of the symmetry.
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2. µ term and bH term
In order for the electroweak symmetry to be broken by VEVs of MSSM higgses, the µ
term must be as large as or smaller than soft scalar mass terms of higgses (see Appendix A).
The origin of the correct magnitude of the µ term is one of the key issues in SUSY model-
building, which is dubbed as the “µ problem”.
A trivial way to obtain the µ term is to assume that the combination HuHd has an R
charge of 2 while is neutral under other symmetries.6 Then the µ term of any magnitude
is allowed. The natural value would be as large as the fundamental scale such as the
Plack scale and the GUT scale. Indeed, this is the case with the minimal SU(5) GUT
model [4, 72, 73, 74]. In the landscape point of view [75, 76, 77, 78], the small µ term may
be selected from the landscape by the anthropic principle [79]. bH = µm3/2 is obtained by
the supergravity e↵ect.
Here, instead of readily adopting the anthropic principle, we show two ways to naturally
obtain a small µ term. In both cases, the µ term is forbidden by a symmetry and is given by
the breaking of the symmetry.7 We do not discuss the origin of the smallness of the breaking
scale in detail here. The smallness is naturally explained, for example, if the breaking scale
is generated by dimensional transmutation.
The first model assume the Peccei-Quinn (PQ) symmetry [81, 82]. The PQ charge of
MSSM fields is given in Tab. I. With this charge assignment, yukawa couplings are allowed
while the µ term is forbidden. The µ term is provided by the following coupling to a PQ
breaking field P with a PQ charge 1/n [83],
W   P
n
Mn 1pl
HuHd. (12)
For n = 2, the µ term is of O(0.1-1000) TeV for the PQ breaking scale of O(1010-1012) GeV.
This range is consistent with the lower bound from the burst duration of SN1987A (Ref. [84]
and references therein) and the “upper bound” from the cosmic abundance of the axion by
an initial misalignment angle [85, 86, 87].
The bH term is given by the VEV of the scalar component of the supergravity multiplet
and the F term of P as large as hP im3/2 (see Sec. IVB). Both contributions result in the
6 We use a normalization of the R charge where the superpotential has an R charge of 2.
7 A solution to the µ problem in this way requires the GUT group to be a product one [80].
13
Hu Hd u¯, Q, e¯ d¯, L
U(1)PQ 0  1 0 1
TABLE I: PQ charge assignment of MSSM fields
bH term of O(m3/2µ). If µ⌧ m3/2, bH is smaller than the soft squared masses of sfermions,
and hence tan  is large unless cancellation occurs (see Eq. (A6)). Then the gravitino mass
must be less than O(10) TeV to explain the observed higgs mass. In this case, however,
gaugino masses discussed later are too small that it is inconsistent with constraints from the
LHC. Thus, the µ term must be as large as the gravitino mass.
The second model assumes the R symmetry. We assume that the combination HuHd has
vanishing charges under any symmetries.8 Then following terms are allowed in the Kahler
potential,
K   c1HuHd + c2HuHdZZ
†
M2pl
+ h.c.. (13)
Then the µ and bH terms are given by [39]
µ = c1m
⇤
3/2, bH = (2c1   3c2)|m3/2|2. (14)
The µ term of O(m3/2) can be understood by observing that the chiral higgsino pair has an
R charge of  2 while the gravitino mass m3/2 has an R charge of  2. Since bH is as large
as the soft squared mass term, the natural value of tan  is O(1) (see Eq. (A6)). Then the
observed higgs mass requires m3/2 > O(100) TeV. The µ term can be far smaller than the
gravitino mass by tuning c1, but we assume a natural value, µ ⇠ m3/2.
3. Gaugino mass
If Z is charged under some symmetry, the coupling between Z and a gauge multiplet
through the gauge kinetic function is forbidden because the gauge kinetic function is neutral
8 If Z is a fundamental field with an R charge of 2 and without any other charges, an order one yukawa
coupling between Z and HuHd in the superpotential is possible. Then higgs fields obtain large vacuum
expectation values. We assume that Z is a composite field, has an R charge other than 2, or charged
under non-R symmetries.
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under any symmetries. If Z is a singlet composite field in a dynamical SUSY breaking
model, the following coupling may be possible,Z
d2✓
Z⇤ndyn
4⇡Mn+1pl
W ↵W↵, (15)
where ⇤din ⇠ (4⇡)1/2⇤ is the dynamical scale of the SUSY breaking model. Here, we assume
that Z corresponds to a composite field composed of n+ 1 chiral multiplets. In both cases,
the tree-level gaugino mass is far smaller than the gravitino mass.
It was pointed out in Refs. [47, 48] that the following gaugino mass is generated through
the conformal anomaly,
M (AM)  =  
 (g2)
2g2
m3/2, (16)
where g and  (g2) are the gauge coupling constant and the beta function of g2, respectively.
The anomaly mediated gaugino mass is derived in Sec. III.
At the one-loop level in the MSSM, bino, wino, and gluino masses (M (AM)1 , M
(AM)
2 , and
M (AM)3 ) are given by
M (AM)1 =
g21
16⇡2
33
5
m3/2, M
(AM)
2 =
g22
16⇡2
m3/2, M
(AM)
3 =  
g23
16⇡2
3m3/2, (17)
where g1, g2 and g3 are the gauge coupling constants of U(1)Y , SU(2)L and SU(3)c, re-
spectively. Here, we use the GUT normalization for the U(1)Y gauge coupling constant,
g21 = g
02(5/3).
In addition to the anomaly mediation, electroweak gauginos (bino and wino) receive
threshold corrections from the higgsino via the diagram in Fig. 3. The corrections are
evaluated as [48] (the calculation is the essentially same as the one in Sec. IVA),
 M (HT)1 =
g21
16⇡2
3
5
L,  M (HT)2 =
g22
16⇡2
L, L ⌘ µm
2
A sin 2 
|µ|2  m2A
ln
|µ|2
m2A
, (18)
fB, W fB, WfH
H
FIG. 3: higgsino threshold corrections to masses of electroweak gauginos.
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FIG. 4: Gaugino (bino, wino, and gluino) masses in the high-scale SUSY breaking scenario of the
MSSM.
where mA is the mass of heavy higgses. The contributions are comparable to those of
anomaly mediated contributions when µ = O(m3/2) and tan   = O(1).
In the MSSM, physical masses of the gauginos Mi are obtained by adding the contribu-
tions in Eqs. (17) and (18), and also considering the e↵ect of renormalization group running
of the masses down to those scales from MSUSY,
dlnMi(µ)
dlnµ
=  g
2
i (µ)
8⇡2
bi, (b1, b2, b3) = (0, 6, 9),
Mi(Mi,phys) = Mi,phys. (19)
In Fig. 4, the gaugino masses are shown as a function of L assuming the phase of the
higgsino threshold corrections to be zero (argL = 0), and MSUSY = m3/2 = 100TeV. Unless
the higgsino threshold correction is large, the wino is the LSP.
The wino LSP is constrained by the disappearing track search at the LHC as M2 > 270
GeV [88]. Also, the search for jets with missing energy at the LHC put the constraint on
the gluino mass, M3>⇠ 1.4 TeV [89] unless the gluino is degenerated with the LSP. Thus, the
gravitino mass larger than O(100) TeV is required, which is consistent with the observed
higgs mass for tan  = O(1).
4. A term
Let us briefly mention the A term. As is the case with gaugino masses, A term is
suppressed in SUSY breaking without singlet. However, the A term is generated through
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the conformal anomaly. For a superpotential W = yQ1Q2Q3, the corresponding A term is
given by the wave function normalization as [47, 48]
LA term = yA(µ)Q1Q2Q3 + h.c., A(µ) =  1
2
X
i
 i(µ)m3/2,
Lkin,renormalized =
Z
d2✓d2✓†Zi(µ)QiQi¯†,  i(µ) ⌘ dlnZi(µ)
dlnµ
, (20)
which is one-loop suppressed in comparison with the gravitino mass.
C. Compatibility with cosmology
We have shown that the gravitino mass of O(100) TeV is consistent with the observed
higgs mass and the constraint from the LHC in the heavy sfermion scenario. Here, we
investigate the compatibility of the large gravitino mass with cosmology. We discuss the
thermal relic abundance of the LSP and the gravitino problem. For the compatibility of the
large gravitino mass with inflation models, see Refs. [90, 91, 92, 93, 94, 95, 96, 97, 98, 99].
1. Thermal abundance of the wino LSP
Unless the higgsino threshold correction is large, the wino is the LSP. The neutral and
the charged wino masses degenerate with each other at the tree-level. Through quantum
corrections by electroweak interactions, the neutral wino becomes lighter than the charged
wino by ⇠ 170 MeV [100, 101, 102, 103, 104].
The thermal abundance of the neutral wino LSP has been calculated in Ref. [49], including
the coannihilation between the charged and the neutral wino as well as the Sommerfeld e↵ect
(see Sec. V). In Fig. 5, we show the thermal abundance of the wino for a given wino mass.
The blue band shows the observed dark matter abundance by the Planck experiment [105].
For M2 ' 3.1 TeV, the thermal abundance of the wino is consistent with the observed dark
matter abundance.
In the present universe, the neutral wino annihilates into a pair of W bosons at the tree
level and a pair of photons at the one-loop level. The former mode yields gamma-rays,
positrons and light elements with spread spectra while the latter yields gamma-rays with a
line spectrum. For the wino search with cosmic-rays, see Refs. [41, 106, 107].
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FIG. 5: Thermal abundance of the wino for a given wino mass (see Sec. V). The blue band shows
the observed dark matter abundance by the Planck experiment.
2. Gravitino problem
Let us consider the production of the gravitino from thermal bath in the early universe.
Since the gravitino interacts with MSSM particles through higher dimensional interactions,
the production of the gravitino from thermal bath is more e cient for higher temperature.
Therefore, the number density of the gravitino is determined by the reheating temperature
as [19, 22],
n3/2
s
' 2.3⇥ 10 13 ⇥ TRH
109 GeV
, (21)
where s it the entropy density and we have used the approximation that gaugino masses are
far smaller than the gravitino mass.
The produced gravitino eventually decays into the LSP. The abundance of the LSP pro-
duced in this way is given by
⌦(grav)LSP h
2 =
mLSP
3.6⇥ 10 9 GeV
n3/2
s
= 0.12⇥ mLSP
900 GeV
TRH
2⇥ 109 GeV . (22)
It is known that the thermal leptogenesis [108] requires the reheating temperature larger
than about 2⇥ 109 GeV [109, 110]. Then, the thermal leptogenesis puts an upper bound on
the mass of the LSP, mLSP<⇠ 1 TeV.
Next, let us discuss the constraint from the Big Bang Nucleosynthesis (BBN). The grav-
itino decays with a rate  3/2 ' 12m33/2/(32⇡M2pl), where we have assumed that sfermions
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and the higgsino are heavier than the gravitino.9 The lifetime of the gravitino is given by
⌧3/2 =  
 1
3/2 = 0.06 sec
⇣ m3/2
80 TeV
⌘ 3
. (23)
Note that the gravitino dominantly decays into the gluino and the gluon. In this case, if
the lifetime of the gravitino is longer than about 0.1 sec, decay products of the gravitino
hadronically interact with light elements and hence spoil the success of the BBN [20]. For
m3/2>⇠ 100 TeV, the constraint from the BBN is absent.
9 Inclusion of the decay into sfermions and higgsino does not change the following discussion.
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III. ANOMALY MEDIATED GAUGINO MASS
◆ ⇣
This section is based on Ref. [50];
Keisuke Harigaya and Masahiro Ibe, “Anomaly Mediated Gaugino Mass and Path-
Integral Measure,” Phys. Rev. D 90, 043510 (2014), Copyright (2014) by the American
Physical Society.✓ ⌘
Anomaly mediated gaugino mass [47, 48] is the essential ingredient of the heavy sfermion
scenario. In this section, we derive the anomaly mediated gaugino mass in the superspace
formalism of supergravity with a Wilsonian e↵ective action. For instructive discussions on
the anomaly mediation, we refer to Refs. [53, 111, 112, 113, 114, 115, 116, 117, 118].
A. Approximate super-Weyl symmetry in classical action
Before discussing the anomaly mediated gaugino mass, let us first clarify the gaugino
mass expected in the local supergravity action at the classical level.10 In our discussion,
we concentrate ourselves on a situation where SUSY is dominantly broken by some charged
fields under some symmetries or by some composite fields. Otherwise direct interactions
between the SUSY breaking fields and gauge multiplets lead to the “tree-level” gaugino
mass of the order of the gravitino mass, m3/2. Under this assumption, direct interactions
between the SUSY breaking fields and the gauge supermultiplets are suppressed at least by a
second power of the Planck scale, and hence resultant gaugino masses from those interactions
are negligible. By the same reason, we also assume that no SUSY breaking field obtains a
VEV of the order of the Planck scale.11
Once we assume that gaugino masses from couplings to the SUSY breaking sector are
highly suppressed, remaining sources of gaugino masses are couplings to the supergravity
multiplets. As is well known, however, gaugino masses from tree level interactions to the
supergravity multiplets are also suppressed in spite of the apparent F -term VEVs of O(m3/2)
10 Here, we assume that the classical action consists of local interactions. If the classical action is allowed
to be non-local, an arbitrary gaugino mass of O(m3/2) can be introduced by using the non-local term in
Eq. (66) without conflicting with the super-di↵eomorphism invariance.
11 These assumptions also eliminate contributions to gaugino masses from the Kahler and sigma-model
anomalies (see Refs. [111, 116] and Appendix E).
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in the supergravity multiplets. As we shortly discuss, the absence of O(m3/2) gaugino masses
from the supergravity multiplets is due to an approximate super-Weyl symmetry, which is the
key to understand the origin of the anomaly mediated gaugino mass in the next subsection.
For the time being, we restrict ourselves to the gaugino mass generation in a U(1) gauge
theory with a pair of vector-like matter fields.
1. Classical supergravity action
In this thesis, we follow the notation and the formulation in Ref. [51] (see Appendix B),
except for the notation of complex conjugate (we use †) and for the normalization of gauge
supermultiplets that we adopt in Ref. [119]. For a simple model with charged chiral mul-
tiplets Q and Q¯, and a U(1) gauge multiplet V , the classical supergravity action is given
by,
L =M2pl
Z
d2⇥ 2E 3
8
 D†2   8R  exp"  K
3M2pl
#
+
1
16g2
Z
d2⇥ 2EW ↵W↵ + h.c.,
K = Q†e2VQ+ Q¯†e 2V Q¯+ · · · , W↵ ⌘  1
4
 D†2   8R   e 2VD↵e2V   , (24)
where ⇥↵, E , D↵, R, K, and g are the chiral fermionic coordinate, the chiral density, the
superspace covariant derivative, the superspace curvature, the Kahler potential, and the
gauge coupling constant, respectively. Here, we have assumed that the chiral multiplets Q
and Q¯ are massless. By expanding with respect to the chiral multiplets, we can extract
relevant interactions,
Lkin,matter =  1
8
Z
d2⇥ 2E  D†2   8R   Q†e2VQ+ Q¯†e 2V Q¯ + h.c , (25)
Lkin,gauge = 1
16g2
Z
d2⇥ 2EW ↵W↵ + h.c. , (26)
from which we can extract gauge interactions and kinetic terms. Other interactions are
suppressed by the Planck scale.
Now, let us expand W ↵, E , and R in terms of component fields;
W ↵ =  2i ↵ + · · · ,
2E = e(1 M⇤⇥2) + · · · ,
R =  1
6
M   1
9
|M |2⇥2 + · · · . (27)
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Here,  ↵, e, and M are the gaugino, the determinant of the vielbein, and the auxiliary
scalar component of the supergravity multiplet, respectively. Ellipses denote terms which
are irrelevant for our discussion on the gaugino mass. The auxiliary field M is fixed by the
equation of motion as
M⇤ =  3m3/2 , (28)
where we have omitted contributions from F terms of SUSY breaking fields which are
negligible under the assumption we have made at the beginning of this section.
Since the chiral density E has a non-vanishing ⇥2 term, it might look non-trivial why a
gaugino mass of O(m3/2) does not appear from the interaction in Eq. (26).12 In the rest
of this section, we show that the absence of the gaugino mass in the classical action is
understood by an approximate super-Weyl symmetry.
2. Approximate super-Weyl symmetry
Let us consider the super-Weyl transformation parameterized by a chiral scalar ⌃ (see
Ref. [51] and Appendix C),13
 SWE = 6⌃E + @
@⇥↵
(S↵E) ,
 SWR =  4⌃R  1
4
 D†2   8R ⌃†   S↵ @
@⇥↵
R ,
 SWW
↵ =  3⌃W ↵ + · · · ,
 SWQ = w⌃Q  S↵ @
@⇥↵
Q ,
S↵ ⌘ ⇥↵  2⌃†   ⌃  |+⇥2D↵⌃| , (29)
where ellipses denote terms which are irrelevant for our discussion. X| denotes the lowest
component of a superfield X .
A parameter w is the Weyl weight of Q.14 From Eqs. (27) and (29), the transformation
12 Technically speaking, the contribution from the ⇥2 term cancels with the contribution from M in W↵;
W↵ is given by covariant derivatives of V and hence the supergravity multiplet is included in W↵.
13 In this thesis we define an infinitesimal transformation of a superfield X by X 0 = X    X .
14 If Q is not a chiral scalar but a chiral density with a density weight w˜, the super-Weyl transformation is
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laws of e, M and  ↵ are given by
 SWe = 4
 
⌃+ ⌃†
  |e,
 SWM =  2(2⌃  ⌃†)|M + 3
2
D†2⌃†|,
 SW 
↵ =  3⌃| ↵. (31)
From the transformation laws of the component fields in Eq. (31), it is clear that the
possible origin of a gaugino mass of O(m3/2),Z
d4x eM (⇤)  , (32)
is not invariant under the super-Weyl transformation. This shows that the gaugino mass is
generated only through terms which break the super-Weyl symmetry.
As we immediately see, the kinetic term of the gauge multiplet in Eq. (26) is invariant
under the super-Weyl transformation, and hence, does not contribute to the gaugino mass.
Higher dimensional terms omitted in Eq. (24) are, on the other hand, not invariant under
the super-Weyl transformation. Contributions from such terms to the gaugino mass are,
however, at the largest of O(m23/2/Mpl), and hence are negligible. Altogether, we find that
there is no gaugino mass of O(m3/2) originated from couplings to the supergravity multiplets
due to the approximate super-Weyl symmetry.15
For later convenience, let us also note that the terms of massless matter fields in Eq. (25)
are also invariant under the super-Weyl symmetry. That is, for w =  2, it can be shown
that
 SW
  D¯2   8R   Q†Q   =  6⌃  D¯2   8R   Q†Q   S↵ @
@⇥↵
  D¯2   8R   Q†Q   . (33)
From Eqs. (29) and (33), terms in Eq. (25) are invariant under the super-Weyl transforma-
tion.
given by,
 SWQ = w⌃Q  S↵ @
@⇥↵
Q+ w˜Q
@
@⇥↵
S↵ . (30)
15 The term in Eq. (32) is invariant under the R-symmetry and the dilatational symmetry parts of the super-
Weyl symmetry, which are parameterized by the lowest component of ⌃. Thus, the gaugino mass from
the couplings to the supergravity multiplets cannot be forbidden by the R-symmetry nor the dilataional
symmetry.
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Finally, let us stress that interaction terms of the gauge supermultiplets which are un-
suppressed by the Planck scale is uniquely determined to the form of Eqs. (25) and (26) by
the super-di↵eomorphism invariance and by the gauge invariance. Thus, one may regard the
approximate super-Weyl symmetry as an accidental one. Due to this accidental symmetry,
the gaugino mass of O(m3/2) is suppressed at the classical level.
B. Anomaly of the super-Weyl symmetry and Gaugino Mass
In the last subsection, we have shown that no gaugino mass of O(m3/2) is generated
through couplings to the supergravity multiplets even though the chiral density has a non-
zero F term, due to the approximate super-Weyl symmetry. However, the approximate
super-Weyl symmetry is in general broken by quantum e↵ects. In this subsection, we inves-
tigate e↵ects of quantum violation of the approximate super-Weyl symmetry by Fujikawa’s
method [120] in a Wilsonian e↵ective action.
1. Wilsonian e↵ective action
To discuss quantum e↵ects on the super-Weyl symmetry, we take the local classical ac-
tion in the previous section (Eq. (24)) as a Wilsonian e↵ective action with a cuto↵ at the
Planck scale. Here, let us remind ourselves that e↵ective quantum field theories su↵er from
ultraviolet divergences, and hence, they are well-defined only after the divergences are prop-
erly regularized. In our arguments, we presume an ultraviolet regularization such that the
“tree-level” action at the cuto↵ scale is manifestly invariant under the super-di↵eomorphism
and the gauge transformations. We refer to this super-di↵eomorphism invariant tree-level
action at the cuto↵ scale as the Wilsonian e↵ective action.16
The Wilsonian e↵ective action in general includes higher dimensional interactions than
those in Eq. (24) suppressed by the cut o↵ scale. As we have discussed, however, contribu-
tions from those terms to the gaugino mass are highly suppressed by the cuto↵ scale and
hence negligible. One concern is whether non-local interaction terms appear in the Wilso-
16 Although we fix the cuto↵ scale to the Planck scale for a while, the following discussion is essentially
unchanged as long as the cuto↵ scale is far larger than the gravitino mass. We also discuss e↵ects of the
change of the cuto↵ scale later.
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nian e↵ective action at the cuto↵ scale, which could lead to the gaugino mass of O(m3/2). In
our argument, we presume that such non-local interactions do not show up in the Wilsonian
e↵ective action, which is reasonable because we are dealing with e↵ective field theories after
integrating out only ultraviolet modes.
2. Super-di↵eomorphism invariance
In the above definition of the super-di↵eomorphism invariant theory, there is a missing
ingredient, the measure of the path-integral. As elucidated in Ref. [120], the path-integral
measure plays a crucial role in treating quantum violations of symmetries. Moreover, the
definition of the “tree-level” interactions in the Wilsonian e↵ective action depends on the
choice of the path-integral measure, which we will encounter shortly. To clarify these issues,
let us first discuss which path-integral measure we should use in conjunction with the “tree-
level” Wilsonian action.
Under the infinitesimal (chiral) super-di↵eomorphism transformation,17 Q and E trans-
form as
Q! Q0 = Q  ⌘M(x,⇥)@MQ ,
E ! E 0 = E   ⌘M(x,⇥)@ME   ( )M
 
@M⌘
M (x,⇥)
  E , (34)
where M = (m,↵) denotes the indices of the chiral super coordinate (xm,⇥↵), ⌘M(x,⇥)
parameterizes the super-di↵eomorphism, and ( )M = (1, 1) for M = (m,↵). As is shown
in Appendix D, naive path-integral measures of chiral fields are not invariant under the
super-di↵eomorphism due to the anomaly of the gauge interactions, i.e.
[DQ]! [DQ0] 6= [DQ] , [DQ¯]! [DQ¯0] 6= [DQ¯] . (35)
Instead, anomaly free measures are given by
[D (2E)1/2Q] , [D (2E)1/2 Q¯] . (36)
17 In the formulation given in Ref. [51], gauge symmetries are fixed except for the di↵eomorphism invariance,
the local Lorentz symmetry and the supergravity symmetry. Thus, ⌘M is restricted so that it parameterizes
only the di↵eomorphism and the supergravity transformation. We retain the word “super-di↵eomorphism”
to simplify our expression. The word “super-di↵eomorphism” used in Appendix B, on the other hand,
refers to the full super-di↵eomorphism.
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For a later purpose, we define weighted chiral fields Qdi↵ = (2E)1/2Q (Q¯di↵ = (2E)1/2 Q¯)
which are no more chiral scalar fields but chiral density fields with density weights 1/2.
In our discussion, we take the super-di↵eomorphism invariant Wilsonian e↵ective action.
Therefore, in order to obtain a super-di↵eomporphism invariant quantum theory, we in-
evitably use the super-di↵eomorphism invariant path-integral measure in Eq. (36). If we use
di↵erent measures instead, we need to add appropriate super-di↵eomorphism variant counter
terms to the tree-level Wilsonian action so that the super-di↵eomorphism is restored in the
quantum theory.
3. Anomaly of the super-Weyl symmetry
Once we choose appropriate path-integral measures for the charged fields, we can now
discuss quantum violation of the super-Weyl symmetry. Here, since we are interested in the
gaugino mass, we only look at the breaking of the super-Weyl symmetry by the anomaly of
the corresponding gauge interaction.
Before proceeding further, let us comment on a technical point. As in Eq. (29), the super-
Weyl transformation is accompanied by a super-di↵eomorphism parameterised by S↵, so
that the super-Weyl transformation is expressed in terms of the component fields defined in
the chiral superspace spanned by (x,⇥). The accompanied super-di↵eomorphism, however,
makes it complicated to discuss the quantum violation of the super-Weyl symmetry. To avoid
such a complication, we only consider a subset of the super-Weyl transformation where ⌃
has only an F -term, i.e.
⌃(x,⇥) = f(x)⇥2 . (37)
Here, f is an arbitrary function of the space-time. Under this restricted super-Weyl transfor-
mation, we find S↵ = 0, and hence, no super-di↵eomorphism is accompanied. We refer this
type of the super-Weyl transformation as an “F -type” super-Weyl transformation. It should
be noted that the F -type super-Weyl transformation is su cient to forbid the gaugino mass
in the discussion of Sec. IIIA. In the followings, we concentrate on the anomalous breaking
of the F -type super-Weyl symmetry.
Now let us examine the invariance of the path-integral measures in Eq. (36) under the F -
type super-Weyl transformation. Under the transformation, Qdi↵ and Q¯di↵ are not invariant
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but transform by
Qdi↵ = (2E)1/2Q! Q0di↵ = e ⌃Qdi↵ , Q¯di↵ = (2E)1/2 Q¯! Q¯0di↵ = e ⌃Q¯di↵ . (38)
Here, we have used the fact that the super-Weyl weight of the massless chiral fields are  2 so
that the kinetic term of the chiral fields in Eq. (25) is invariant under the super-Weyl symme-
try. Thus, due to the Konishi-Shizuya anomaly [121], we find that the super-di↵eomorphism
invariant measure is not invariant under the F -type super-Weyl transformation. Instead,
the F -type super-Weyl invariant measures are given by
[DQSW] ⌘ [D (2E)1/3Q] = [D (2E) 1/6Qdi↵ ] , (39)⇥
DQ¯SW
⇤ ⌘ [D (2E)1/3 Q¯] = [D (2E) 1/6 Q¯di↵ ] , (40)
where QSW and Q¯SW are invariant under the the F -type super-Weyl transformation. Here,
the weighted chiral superfields QSW and Q¯SW have density weights 1/3.
It should be commented that the component fields of QSW (Q¯SW) defined by
QSW = e
1/3[AQSW +
p
2⇥ QSW +⇥
2FQSW ] , (41)
have canonical kinetic terms, in a sense that kinetic terms does not contain the supergravity
multiplets in the flat limit: For a generic chiral scalar superfield, X = A +
p
2⇥  + ⇥2F ,
the chiral projection of its complex conjugate is given by
 D†2   8R X† =  4F ⇤ + 4
3
MA⇤ +⇥↵
h
 4ip2 m@m †
i
+⇥2

 4@2A⇤   8
3
M⇤F ⇤ +
8
9
A⇤|M |2
 
+ · · · , (42)
where the ellipses denote higher dimensional terms. Then, by remembering that the com-
ponent fields of QSW are related to those of Q via
Q =
✓
1 +
1
3
M⇤⇥2
◆⇣
AQSW +
p
2⇥ QSW +⇥
2FQSW
⌘
+ · · · , (43)
we find that the kinetic terms of the component fields of QSW are canonical and decouple
from M .18 Therefore, it is appropriate to identify the component fields of QSW as the
18 In terms of the component fields of Q, M does not decouple from the kinetic term and mixes with the
scalar fields via, M⇤F ⇤QAQ as well as |AQ|2|M |2 terms.
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component fields of the corresponding chiral field in the rigid SUSY,19
Qrigid SUSY = AQSW +
p
2✓ QSW + ✓
2FQSW , (44)
with ✓ being the fermionic coordinate of the rigid superspace.
4. Gaugino mass in the Wilsonian e↵ective action
As we have discussed in the previous section, the gaugino mass vanishes if the F -type
super-Weyl symmetry is preserved, and it is generated only through violations of the F -
type super-Weyl symmetry. As relevant terms of the gauge supermultiplet preserve the
super-Weyl symmetry, the gaugino mass appearing in the super-di↵eomorphism invariant
“tree-level” Wilsonian action is highly suppressed.
The approximate F -type super-Weyl symmetry is, however, anomalously broken by the
super-di↵eomorphism invariant measure [DQdi↵ ]. To read o↵ the gaugino mass from this
violation, it is transparent to change the path-integral measure to the F -type super-Weyl
invariant measure, [DQSW], so that the super-Weyl variance is apparent in the corrected
“tree-level” Wilsonian action. In fact, the change of the measures from [DQdi↵ ] to [DQSW ]
is accompanied by the Konishi-Shizuya anomaly [121],20
[DQdi↵ ][DQ¯di↵ ][DQ
†
di↵ ][DQ¯
†
di↵ ] = [DQSW][DQ¯SW][DQ
†
SW][DQ¯
†
SW]⇥ exp [i S] ,
 S =
1
16
1
2⇡2
⇥
Z
d4x d2⇥ 2E ln(2E)1/6W ↵W↵ + h.c. . (45)
Accordingly, the “tree-level” Wilsonian e↵ective action which should be taken in conjunction
with [DQSW] is given by,
S = SSD + S . (46)
Here, SSD denotes the super-di↵eomorphism invariant local Wilsonian e↵ective action dis-
cussed above. Without surprise,  S is not invariant under the super-di↵eomorphism, which
19 Here, we have neglected higher dimensional terms. If we take them into account, we need to perform a
Kahler-Weyl transformation to achieve the canonical normalisation in the Einstein frame.
20 The identity in Eq. (45) is not quite correct. In general,  S involves higher dimensional terms suppressed
by the cut o↵ of the Wilsonian e↵ective action. However, such higher-dimensional terms are negligible.
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measure action gaugino mass
[DQdi↵ ] SD, ⇠⇠SW SD, SW hidden in the measure
[DQSW]   SD, SW   SD, ⇠⇠SW apparent in the action
TABLE II: Properties of two path-integral measures. Here, SD and SW denote the super-
di↵eomorphism and the F -type super-Weyl invariances, respectively. Cancel lines denote non-
invariances.
cancels the anomalous breaking of the super-di↵eomorphism invariance by [DQSW]. We
summarize properties of the measures in Table. II.21
Armed with a correct “tree-level” Wilsonian action along with the super-Weyl invariant
measure, we can now read o↵ the gaugino mass directly from the local term in the action,
 S, which leads to
M /g
2 = +
1
2
1
2⇡2
ln(2E)1/6|⇥2 =   124⇡2M
⇤ = +
1
16⇡2
⇥ 2m3/2 , (47)
where X|⇥2 denotes the ⇥2 component of a superfield X . This gaugino mass reproduces the
anomaly mediated gaugino mass given in Refs. [47, 48]. In this way, we find that the anomaly
mediated gaugino mass can be read o↵ from the super-di↵eomorphism non-invariant term
 S in the superspace formalism of supergravity.22
5. Radiative corrections from path-integration
So far, we have fixed the Wilsonian scale to Mpl and have not performed any path-
integration. Here, let us discuss e↵ects of the path-integration. After integrating out modes
above a scale ⇤(< Mpl), the Wilsonian e↵ective action at ⇤ is again given by the form
of Eq. (46), with renormalized coe cients and higher dimensional operators suppressed not
only byMpl but also by ⇤. Due to the presence of cuto↵ scales, the super-Weyl symmetry in
21 Throughout this thesis, we presume the regularization scheme of the path-integral measure which repro-
duce the Konishi-Shizuya anomaly in the form in Eq. (45). In the dimensional regularization/reduction,
on the other hand, the change of the path-integral measures is not accompanied by the rescaling anomaly,
while the approximate super-Weyl symmetry is explicitly broken by the relevant interactions which even-
tually leads to a consistent gaugino mass [112].
22 In this thesis, we concentrate on the anomaly mediated gaugino mass at one-loop level.
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the Wilsonian action at the scale ⇤ is hardly preserved. As we have discussed, however, the
relevant terms of the matter and the gauge supermultiplets have an approximate super-Weyl
symmetry accidentally due to the super-di↵eomorphism invariance. Therefore, radiative
corrections do not generate the gaugino mass term beyond the one in Eq. (47) up to ⇤ or
Mpl suppressed corrections.
It should be also noted that, among various corrections, the ones from diagrams which
involve Planck suppressed interactions lead to higher dimensional operators suppressed at
least by a single power of Mpl in the e↵ective action at ⇤.23 E↵ects to lower dimensional
operators through ultra-violet divergences are renormalized by the shifts of the corresponding
operators [125]. Visible e↵ects of higher dimensional operators only show up through higher
dimensional operators even in the e↵ective action at ⇤.
Concretely, radiative corrections from loop diagrams involving gravity supermultiplets (in
particular gravitinos with small momenta to flip the chirality) may lead to higher dimensional
operators such as |M |nM⇤   (n   0) suppressed only by M2pl⇤n 2. Such diagrams involving
the gravitinos however damp for ⇤⌧ m3/2. Therefore, they contribute to the gaugino mass
at most of O(m33/2/M
2
pl).
From these arguments, we see that higher dimensional operators which are suppressed by
not Mpl but only by ⇤ in the Wilsonian e↵ective action at the cuto↵ scale ⇤ are generated
only from relevant interactions of the matter and gauge supermultiplets. Such e↵ects can
be properly taken care of within the renormaizable e↵ective theory of the matter and the
gauge supermultiplets with softly broken SUSY.
Let us emphasize again that the super-di↵eomorphism violation is not arbitrary in the
Wilsonian e↵ective action at ⇤, although the super-di↵eomorphism invariance is broken by
[DQSW]. The super-di↵eomorphism violation in the Wilsonian action is uniquely given by
 S at each Wilsonian scale, so that the super-di↵eomorphism is preserved in the quantum
theory. Thus, the accidental approximate super-Weyl symmetry which is the outcome of
the super-di↵eomorphism invariance is justified even after performing path-integration.
Putting all together, we find that the anomaly mediated gaugino mass can be extracted
23 If there are ultraviolet divergences which are cancelled only by non-local terms, Mpl suppressed inter-
actions could lead to higher dimensional operators suppressed not by Mpl but only by ⇤ at the cuto↵
scale ⇤. The Bogoliubov-Parasiuk-Hepp-Zimmermann prescription [122, 123, 124] shows that ultraviolet
divergences in general can be renormalized away by local terms.
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from the super-di↵eomorphism non-invariant local term in the Wilsonian e↵ective action at
the scale ⇤   m3/2 in the superspace formalism of the supergravity. Radiative corrections
to the gaugino mass operator are dominantly given by relevant interactions of the matter
and the gauge supermultiplets. Therefore, once we extract a gaugino mass at some high
cuto↵ scale, we can use the gaugino mass as the boundary condition of the renormalization
group equation at ⇤ in the low-energy e↵ective renormalizable supersymmetric theory with
soft SUSY breaking.
6. Decoupling e↵ects of massive matter
Before closing this section, let us consider the contribution to the gaugino mass from
charged matter multiplets with a supersymmetric mass m far larger than m3/2,
Lmass =
Z
d2⇥ 2EmQQ¯+ h.c. . (48)
If the cuto↵ scale of the Wilsonian e↵ective action is far above m, the mass m is negligible
in comparison with the kinetic term and hence the above discussion holds. When the
cuto↵ scale is below m, the mass term dominates over the kinetic term. In that situation,
the approximate super-Weyl symmetry is such that the mass term is invariant.24 This
observation leads to the Weyl weights of  3 for Q and Q¯, i.e.  SW,massiveQ =  3⌃Q + · · · ,
and hence, the super-Weyl invariant measures of the massive matter are given by
[DQSW,massive] ⌘ [D (2E)1/2Q] , [DQ¯SW,massive] ⌘ [D (2E)1/2 Q¯] , (49)
which coincide with the super-di↵eomorphism invariant measures in Eq. (36). Thus, be-
low the scale m, the approximate super-Weyl symmetry is well described by the super-
di↵eomorphism invariant Wilsonian e↵ective action, i.e.  S = 0, and hence, no anomaly
mediated gaugino mass term appears up to O(m23/2/m) contributions. This argument re-
confirms the insensitivity of the anomaly mediated gaugino mass to ultraviolet physics [48].
If m is close to m3/2, the decoupling does not hold in general. The Wilsonian e↵ective
action below the mass threshold of Q and Q¯ includes terms suppressed only by m, which
24 In the Pauli-Villars regularization, the anomaly mediated gaugino mass is understood by the di↵erence
of super-Weyl invariant measures between massive Pauli-Villars fields and massless matter fields (see
Sec. III B 7).
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might contribute to the gaugino mass as large as O(m23/2/m). Integration of Q and Q¯
should be performed explicitly, as is the case with the higgsino threshold correction in the
MSSM [48].
7. Anomaly mediation a la Pauli-Villars regulalization
Here, we show how our method to extract the gaugino mass works in the Pauli-Villars
regularization [126]. In the Pauli-Villars regularization scheme, we introduce Pauli-Villars
fields, a pair-of fermonic chiral scalar multiplets P and P¯ with a unit charge, and give them
a supersymmetric mass term ⇤ which corresponds to the cuto↵ scale;
L =
Z
d2⇥ 2E ⇤PP¯ + h.c. . (50)
As we discussed in Sec. III B, it is convenient to use the F -type super-Weyl invariant measure,
[DQSW ], to extract the gaugino mass from the Wilsonian action. If we also take the measure
of the Pauli-Villars fields to be [DPSW ], however, the counter terms associated with the
change the measures are cancelled due to the opposite statistic of the Pauli-Villars fields.
Thus, in this case, the F -type super-Weyl invariant measure does not invoke the counter
term in Eq. (45),  S.
In the absence of  S, what is the origin of the gaugino mass? As we have shown,
the gaugino mass is generated only from violations of the approximate F -type super-Weyl
symmetry. For a energy scale well below ⇤, the approximate F -type super-Weyl symmetry
is explicitly broken by the mass term of the Pauli-Villars fields. Thus, the integration of the
Pauli-Villars fields generates the gaugino mass, as is discussed in Ref. [48].25
We can also extract the gaugino mass without explicitly performing the integration of the
Pauli-Villars fields. Well below the mass scale ⇤, a good approximate super-Weyl symmetry
is the one which is consistent with the mass term of the Pauli-Villars fields. Thus, the
appropriate measures to read o↵ the gaugino mass from the action is the combination of
[DQSW ] and [DPdi↵ ]. With these measures, the counter term is again given by  S in
Eq. (45), from which we can directly read o↵ the anomaly mediated gaugino mass.
25 More explicitly, the masses of the fermions and the scalars in the Paulli-Villars multiplets are split by the
coupling to M through
R
d2⇥(2E)1/3⇤PSW P¯SW .
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C. Fictitious super-Weyl gauge symmetric formulation
In Refs. [52, 53], the origin of the gaugino mass has been discussed in the superspace
formalism of supergravity with the help of a fictitious (and exact) super-Weyl gauge sym-
metry by introducing a chiral super-Weyl compensator field, C, in the track of Ref. [127].
We call this super-Weyl symmetry as the fictitious super-Weyl gauge symmetry throughout
this thesis in order to distinguish it from the approximate super-Weyl symmetry we have
discussed so far. One of the key to settle the puzzle in the discussion of Refs. [52, 53],
which we explain later, is how to write down the anomaly mediated gaugino mass term in
a gauge independent way of the fictitious super-Weyl gauge symmetry. In this section, we
show how to write down the gauge independent gaugino mass term, where the knowledge
on the super-di↵eomorphism invariant path-integral measure plays a crucial role.
1. Fictitious super-Weyl gauge symmetry
The fictitious (and exact) super-Weyl gauge symmetry is introduced to the action in
Eq. (24) by performing a finite super-Weyl transformation in Eq. (29) with ⌃ = lnC/2 and
w = 0 [127]. The resulting classical acton is given by
L = M2pl
Z
d2⇥ 2E 03
8
 D0†2   8R0 CC†exp"  K 0
3M2pl
#
+
1
16g2
Z
d2⇥ 2E 0W 0↵W 0↵ + h.c. , (51)
where primes denote fields after the transformation. Now, the action is exactly invariant
under the super-Weyl symmetry in Eq. (29) in terms of E 0, W 0↵, Q0 and Q¯0 with w = 0,
while giving a Weyl weight  2 to the “super-Weyl compensator” C,
 SW,ficC =  2⌃C   S↵ @
@⇥↵
C ,
 SW,ficE 0 = 6⌃E 0 + @
@⇥↵
(S↵E 0) ,
 SW,ficR
0 =  4⌃R0   1
4
⇣
D0†2   8R0
⌘
⌃†   S↵ @
@⇥↵
R0 ,
 SW,ficW
0↵ =  3⌃W 0↵ + · · · ,
 SW,ficQ
0 =  S↵ @
@⇥↵
Q0 ,
S↵ ⌘ ⇥↵  2⌃†   ⌃  |+⇥2D↵⌃| . (52)
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It should be noted that the compensator C is a gauge degree of freedom, which can be
completely eliminated by performing the fictitious super-Weyl transformation. In other
words, one may take any C so that a calculation one performs is as simple as possible.26 In
particular, in the presence of the compensator, the equation of the motion of M 0 is changed
from Eq. (28) to
FC   1
3
M 0⇤ = m3/2 , (53)
where we have taken C = 1 + FC⇥2. Thus, for example, it is convenient to take the gauge
where M 0 = 0, which is adopted in Ref. [53] up to higher dimensional terms.
2. Gaugino mass
The super-Weyl transformation performed to introduce C is anomalous where the mea-
sure is transformed from [DQdi↵ ] to [DQ0di↵ ].
27 The transformation invokes the following
term in the Wilsonian e↵ective action,
 S 0C = +
1
16
3
4⇡2
Z
d4x d2⇥ 2E 0 lnCW 0↵W 0↵ + h.c. . (54)
This term can be also derived from the condition that the fictitious super-Weyl symmetry
is free from the gauge anomaly [127]. Further, let us eliminate C from the kinetic term of
the matter fields by the redefinitions, Q00 ⌘ Q0C and Q¯00 ⌘ Q¯0C. After the redefinitions,
the integration of the matter fields does not generate the gaugino mass proportional to FC
at one-loop level, so that the gaugino mass is directly read o↵ from the Wilsonian e↵ective
action. By combining the counter terms of the anomalies to reach to Q00di↵ = (2E 0)1/2Q0C
and Q¯00di↵ = (2E 0)1/2Q¯0C, we eventually obtain
 SC =
1
16
1
4⇡2
⇥
Z
d4x d2⇥ 2E 0 lnCW 0↵W 0↵ + h.c. , (55)
where the corresponding path-integral measures are given by [DQ00di↵ ] and [DQ¯
00
di↵ ].
In Ref. [52], it is claimed that there is no anomaly mediated gaugino mass derived in
[47, 48] by taking a gauge with FC = 0. On the other hand, in Ref. [53], taking another
26 A singular transformation leading to C = 0 should be avoided.
27 The weighted chiral field Qdi↵ has a Weyl weight 3 for w = 0.
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gauge with M 0 = 0, the anomaly mediated gaugino mass is reproduced. These arguments
pose a puzzle, for the gaugino mass should not depend on the gauge choice of FC .
This puzzle is solved by remembering the discussion in Sec. III B. There, in order to
read o↵ the gaugino mass from the Wilsonian e↵ective action, we have used the canonical
measure [DQSW] ⌘ [D (2E)1/3Q]. Similarly, we should again use the measure,
[DQc] ⌘ [D (2E 0)1/3CQ0] = [D (2E 0) 1/6Q00di↵ ] , (56)
which is invariant under the “approximate” super-Weyl symmetry. The kinetic term of Qc is
free from the mixings to both M 0 and FC , and hence, canonical. Eventually, by translating
the measure from [DQ00di↵ ] to [DQc], the Wilsonian e↵ective action obtains a correction  S,
which adds up with  SC ,28
 S + SC =
1
16
1
4⇡2
⇥
Z
d4x d2⇥ 2E 0
⇣
ln (2E 0)1/3 + lnC
⌘
W 0↵W 0↵ + h.c. . (58)
This expression is manifestly invariant under the fictitious super-Weyl transformation. Again
the counter term is not invariant under the super-di↵eomorphism, which is inevitable to
cancel the anomaly of the super-di↵eomorphism due to [DQc]. From this expression, we
obtain the anomaly mediated gaugino mass
M /g
2 = +
1
2
1
4⇡2
 
ln(2E 0)1/3 + lnC  |⇥2 = + 18⇡2
✓
FC   1
3
M 0⇤
◆
= +
1
16⇡2
⇥ 2m3/2 , (59)
which is independent of the gauge choice of FC .
In our argument, the super-di↵eomorphism variant counter term  S is the key to ob-
tain the manifestly invariant expression of the anomaly mediated gaugino mass under the
fictitious super-Weyl gauge symmetry. It should be also stressed that the combination,Z
d4x d2⇥ 2E 0
⇣
ln (2E 0)1/3 + lnC
⌘
W 0↵W 0↵ + h.c. , (60)
is invariant under the fictitious super-Weyl symmetry. Thus, the mere knowledge of the
anomaly of the fictitious super-Weyl gauge symmetry cannot determine the overall coe cient
of Eq. (58). It is crucial to start with the super-di↵eomorphism invariant measure to obtain
Eq. (58).29
28 One may obtain the following counter term directly from the relation,
[DQc] = [D(2E) 1/6C 1/2Qdi↵ ] . (57)
29 Correspondingly, in the 1PI e↵ective action, the fictitious super-Weyl gauge invariance alone cannot
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3. Relation to the 1PI quantum e↵ective action (I)
As is clear from Eq. (59), the gaugino mass is simply read o↵ from the counter term in
the Wilsonian e↵ective action,  SC , by taking the gauge with M 0 = 0 and FC = m3/2.
In the 1PI quantum e↵ective action, on the other hand, it should be also possible to write
down the gaugino mass term without using the compensator C. To see how the gaugino
mass appears in the 1PI action, let us consider a finite super-Weyl transformation of R,
R0 =  1
8
e4⌃
 D†2   8R  e 2⌃† + · · · . (61)
Here, ellipses denote terms which are irrelevant for the transformation of the lowest compo-
nent of R. Then, by taking ⌃ such that D2   8R†  e 2⌃ = 0 , (62)
we can eliminate the lowest component of R. The solution of Eq. (62) is given by [128, 129];
e 2⌃ ⌘ ⌦ = 1 + 1
2⇤+
 D†2   8R R† ,
⇤+ ⌘ 1
16
 D†2   8R   D2   8R†  . (63)
Thus, by setting C = ⌦ 1, we can achieve the desirable gauge choice of the fictitious super-
Weyl gauge symmetry where M 0 = 0. It should be noted that the apparent non-local
expression of ⌦ does not cause problems because the chiral field ⌦ is reduced to a local
expression,
⌦ ' 1 + 1
3
M⇤⇥2 , (64)
in the flat limit. Thus, as long as we are interested in the flat limit, ⌦ can be treated as a
local field.
In this gauge,  SC is now expressed by,
 SC=⌦ 1 =
1
16
1
4⇡2
⇥
Z
d4x d2⇥ 2E 0 ln⌦ 1W 0↵W 0↵ + h.c. . (65)
By expanding this expression around ⌦ = 1, we obtain
 SC=⌦ 1 '   116
1
8⇡2
Z
d4x d2⇥ 2E 1⇤+
 D†2   8R R†W ↵W↵ + h.c. , (66)
determine the gaugino mass term up to the contribution from Eq. (60) with ln(2E 0)1/3 replaced by ln⌦ 1,
where the chiral field ⌦ is defined in the following.
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at the leading order. Here, we have reverted E 0 and W 0↵ to E and W ↵. Since this term is ex-
pressed in terms of the gravity multiplet and independent of C, this provides an appropriate
expression of the super-Weyl variance in the 1PI e↵ective action. In fact, the expression in
Eq. (66) reproduces the 1PI quantum e↵ective action given in Ref. [111].30 By substituting
Eq. (64), we again obtain the anomaly mediated gaugino mass in Refs. [47, 48].
4. Relation with 1PI quantum e↵ective action (II)
The chiral field ⌦ is also useful to discuss the 1PI quantum e↵ective action along the
lines of Sec. III B, where we have not introduced the super-Weyl compensator C. There,
instead, we relied on the F -type super-Weyl invariant but super-di↵eomorphism variant
measure to read o↵ the gaugino mass from the Wilsonian e↵ective action. The 1PI quantum
e↵ective action, however, must be invariant under the super-di↵eomorphism by itself. Thus,
 S should be replaced by a super-di↵eomorphism invariant expression in the 1PI quantum
e↵ective action.
To find an appropriate expression, let us remember that the chiral field ⌦ transforms as
 SW⌦ =  2⌃⌦  S↵ @
@⇥↵
⌦ , (67)
under the super-Weyl transformation. From this property, we can construct a measure
[DQSW,di↵ ] ⌘ [D⌦1/2 (2E)1/2Q] = [D⌦1/2Qdi↵ ] , (68)
which is invariant under both the F -type super-Weyl and the super-di↵eomorphism trans-
formations.31 Thus, in a similar way as Sec. III B, the Wilsonian e↵ective action receives a
correction by changing the measure from [DQdi↵ ] to [DQSW,di↵ ],
[DQdi↵ ][DQ¯di↵ ][DQ
†
di↵ ][DQ¯
†
di↵ ] = [DQSW,di↵ ][DQ¯SW,di↵ ][DQ
†
SW,di↵ ][DQ¯
†
SW,di↵ ]⇥ exp [i Sdi↵ ] ,
 Sdi↵ =
1
16
1
4⇡2
⇥
Z
d4x d2⇥ 2E ln⌦ 1W ↵W↵ + h.c. . (69)
Unlike  S,  Sdi↵ is invariant under the super-di↵eomorphism. Thus,  Sdi↵ is an appropri-
ate expression of the super-Weyl breaking in the 1PI quantum e↵ective action. Again, this
expression reproduces the super-Weyl breaking term in the 1PI e↵ective action in Ref. [111].
30 Apparent di↵erence by a factor of 4 between our result and that in Ref. [111] is due to the di↵erence of
the normalization of the gauge multiplet.
31 The component fields of QSW,di↵ defined by QSW,di↵ = e1/2[AQSW,diff +
p
2⇥ QSW,diff +⇥2FQSW,diff ], have
the same canonical kinetic term with those of QSW in Eq. (41).
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D. Non-abelian gauge theory
Let us sketch the gaugino mass in a non-Abelian gauge theory. In the non-Abelian gauge
theory, the path-integral measure of the gauge multiplet should be taken into account. The
super-di↵eomorphism invariant measure and the F -type super-Weyl invariant measure are
given by
[DVdi↵ ] = [DE
1/2V ], [DVSW] = [D (2E) 1/6
 
2E†  1/6 Vdi↵ ] , (70)
where E is the super determinant of the super vielbein. The super-Weyl transformation law
of E is given by (see Eq. (B57))
 SWE = 2
 
⌃+ ⌃†
 
E. (71)
Here, we collectively represents the gauge multiplet and the ghost multiplets by V , and so
are Vdi↵ and VSW accordingly.
The translation from [DVdi↵ ] to [DVSW] is easily performed by the following trick. Let us
introduce a chiral compensator C as in Sec. III C, which defines E 0 via,
E = CC†E 0 . (72)
By remembering that the super-Weyl transformation is anomalous, the gauge kinetic func-
tion receives a counter term depending on C as [127]
[DE1/2V ] = [DE 01/2V ]⇥ ei SVC ,
 SVC =  
1
16
3TG
8⇡2
⇥
Z
d4x d2⇥ 2E 0 lnCW 0↵W 0↵ + h.c. , (73)
where TG is the Dynkin index of the adjoint representation. It should be noted that  SVC
includes the rescaling anomaly form the ghost multiplets. Then, by comparing Eqs. (71),
(72) and (73), we find that the counter term appearing along with the translation from
[DVdi↵ ] to [DVSW] is given by replacing C to (2E)1/3,32 which leads to
[DVdi↵ ] = [DVSW]⇥ ei SVC , C = (2E)1/3 . (74)
32 The expression of the rescaling anomaly does not depend on whether the rescaling factor is a chiral
superfield or a chiral density superfield.
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By putting Eqs. (45) and (74) together, we obtainY
i
[DQidi↵ ][DQ
i†
di↵ ][DVdi↵ ] =
Y
i
[DQiSW][DQ
i†
SW][DVSW]⇥ ei S ,
 S =   1
16
3TG   TR
8⇡2
⇥
Z
d4x d2⇥ 2E ln (2E)1/3W ↵W↵ + h.c. , (75)
where TR is the total Dynkin index of matter fields Qi. As a result, we find the gaugino
mass,
M /g
2 =  1
2
3TG   TR
8⇡2
ln(2E)1/3|⇥2 =  3TG   TR16⇡2 ⇥m3/2 , (76)
which reproduces the anomaly mediated gaugino mass found in Refs. [47, 48]. We may also
obtain the manifestly gauge independent expression in the formulation with the fictitious
super-Weyl symmetry for the non-abelian gauge theory by using Eq. (74) along the lines of
Sec. III C.
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IV. GAUGINO MASS BY ADDITIONAL MATTER FIELDS
◆ ⇣
This section is based on Ref. [130];
Keisuke Harigaya, Masahiro Ibe and Tsutomu T. Yanagida, “A Closer Look at Gaugino
Masses in Pure Gravity Mediation Model/Minimal Split SUSY Model,” JHEP 1312,
016 (2013), Copyright (2013) by the authors.✓ ⌘
In this section, we derive the gluino, the wino and the bino mass in the presence of light
vector-like matter fields and the QCD axion.
A. Gaugino mass from light vector like matter
If vector-like standard-model-gauge charged matter fields lighter than the gravitino mass
exist, the gaugino mass receives corrections [58, 59, 60], as is the case with the higgsino
threshold correction in Eq. (18). We assume that there is a vecor-like matter fields Q and Q¯
which are charged under the standard model gauge symmetry. We assume that R charges
of Q and Q¯ add up to 0, so that the extra matter fields obtain a supersymmetric (Dirac)
mass of order the gravitino mass from the R-breaking sector [44, 45]. We also assume that
the extra matter fields couple to the SUSY breaking sector only through Planck suppressed
interactions.33
1. SUSY breaking mass spectrum of extra matter
Generically, the threshold corrections from the extra matter field contribute to gaugino
masses only when both a chirality flip of the fermion components of QQ¯, a Dirac mass, and a
SUSY breaking left-right mixing of the scalar components of QQ¯, a b term, exist. Therefore,
we first demonstrate how the Dirac mass term and the b term of QQ¯ are obtained.
To illustrate how they show up in the mass spectrum of extra matter, let us consider the
simplest SUSY breaking sector with the following e↵ective superpotential,
W = ⇤2Z +m3/2M
2
pl . (77)
33 If the extra matter fields couple to the SUSY breaking sector more strongly, soft masses of the MSSM
fields are dominantly generated by the coupling, as is the case with the gauge mediation.
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Here, m3/2 denotes the gravitino mass representing the breaking of the (discrete) R-
symmetry breaking. The SUSY breaking field Z obtains an F -term VEV of FZ =  ⇤2,
and the flat universe condition gives ⇤4 = 3m23/2M
2
pl.
34 In the followings, we take m3/2 and
⇤ real and positive without loss of generality. The SUSY breaking field Z is assumed to be
charged under some symmetries at the Planck scale or to be a composite field generated at
some dynamical scale much lower than the Planck scale.
Due to the vanishing R-charge of QQ¯, the extra matter couples to the above SUSY
breaking sector via the super- and Kahler potentials;
W = ⇤2Z
 
1 + y
QQ¯
M2pl
!
+m3/2M
2
pl
 
1 + y0
QQ¯
M2pl
!
,
K =  QQ¯+  0Z†Z
QQ¯
M2pl
+ h.c.+ · · · , (78)
where y, y0,   and  0 are dimensionless coupling constants. It should be noted that we
can eliminate one of y, y0 and   through the Kahler-Weyl transformation when we are only
interested in the masses of the extra matter fields (see also Ref. [53] for a related discussion).
In fact, by using the Kahler-Weyl transformation,35
K ! K    QQ¯   ⇤Q†Q¯†, W ! W exp   QQ¯ M2pl), (79)
the super- and Kahler potential can be rewritten as,
W 0 = (y0 +  )m3/2QQ¯+
p
3 (y +  )m3/2Z
QQ¯
Mpl
+
p
3m3/2MplZ + · · · ,
K 0 =  0ZZ†
QQ¯
M2pl
+ h.c. . (80)
Therefore, we obtain the supersymmetric Dirac mass, µQ, and the SUSY breaking mixing
mass parameter, b,
µQ = (y
0 +  )m3/2 , (81)
b = (3y   y0 + 2   3 0)m23/2 . (82)
34 It is assumed that | hZi |⌧Mpl.
35 Since the Kahler-Weyl transformation involves chiral rotations of fermion fields in chiral multiplets,
it induces gauge kinetic functions which are proportional to  QQ¯/M2pl. However, these terms do not
contribute to gaugino masses.
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In deriving the expression of b, we have added up the contributions from the coupling
to the SUSY breaking field and from the constant term in the superpotential through the
supergravity interactions.36 As we will show, the phase of b/µQ is a very important parameter
for the gaugino masses.
2. Gaugino masses from threshold corrections
In order to calculate the threshold corrections, let us take the mass diagonalized basis for
the extra matters. Here, it should be noted that in addition to the above mentioned SUSY
breaking b-term, the scalar components of the extra matter generically obtain soft squared
masses of order the gravitino mass just as the MSSM matter fields do. Thus, the mass terms
of the scalar components A, A¯ and the fermion components,  ,  ¯ are given by,
Lmass scalar =  (|µQ|2 + m˜2A)|A|2   (|µ2Q|+ m˜2A¯)|A¯|2  
 
bAA¯+ h.c.
 
⌘  m2A|A|2  m2A¯|A¯|2  
 
bAA¯+ h.c.
 
,
Lmass fermion =  µQ  ¯ + h.c., (83)
respectively. Here, m˜2A and m˜
2
A¯ denote the soft squared masses. The mass terms of the
scalar components are diagonalized by rotating the fields,0@ A+
A 
1A =
0@ cos Q  e i( + 0)sin Q
ei( + 
0)sin Q cos Q
1A0@ A
A¯†
1A ,
tan  Q =
m2A¯  m2A +
q
(m2
A¯
 m2A)2 + 4|b|2
2|b| > 0,
  = arg(b/µQ),  
0 = arg(µQ), (84)
which leads to the mass eigenvalues,
m2± =
1
2
✓
m2A +m
2
A¯ ±
q 
m2
A¯
 m2A
 2
+ 4|b|2
◆
. (85)
The one-loop threshold correction from the extra matter with the above mass spectrum
yields the gaugino masses [131],
 M (th)  =
g2
16⇡2
TQ2e
i sin2 Q|µQ|
 
m2+
m2+   |µ2Q|
ln
m2+
|µQ|2  
m2 
|µQ|2  m2 
ln
|µQ|2
m2 
!
, (86)
36 If QQ¯ couples to some flat directions, there also exist contributions to the b term by F terms of the flat
directions [54]. We assume, however, that QQ¯ do not couple to any flat directions.
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at the renormalization scale just below their threshold. Here, TQ is a Dynkin index of Q,
which is normalized to be 1/2 for a fundamental representation, and g is the gauge coupling
constant evaluated at around the scale of the extra matter. By adding the anomaly mediated
e↵ects of the extra matter,  M (AM)  = g
2/(16⇡2)2TQm3/2, we obtain the final result,37
 M  =
g2
16⇡2
2TQ
 
ei sin2 Q|µQ|
 
m2+
m2+   |µ2Q|
ln
m2+
|µQ|2  
m2 
|µQ|2  m2 
ln
|µQ|2
m2 
!
+m3/2
!
.
(87)
Several comments are in order. First, it can be proven that
m2+
m2+   |µ2Q|
ln
m2+
|µQ|2  
m2 
|µQ|2  m2 
ln
|µQ|2
m2 
> 0. (88)
Therefore, the phase of the gaugino mass contributed from the threshold correction is always
determined by the phase of b/µQ.
Secondly, let us take the limit of small soft squared masses, i.e. m˜2A, m˜
2
A¯ ⌧ |µQ|2. In
this limit, the diagonalized scalar masses and mixing angle are reduced to
m2± = |µQ|2 ± |b|, tan Q = 1. (89)
With this mass spectrum, Eq. (87) is also reduced to
 M  =
g2
16⇡2
2TQ

b
µQ
F (|b/µ2Q|) +m3/2
 
,
F (x) ⌘ 1 + x
x2
ln(1 + x) +
1  x
x2
ln(1  x). (90)
In order for the scalar components of QQ¯ not to be tachyonic, the b term should satisfy
|b| < |µQ|2, where the function F takes values between 1 to ln(4) ' 1.4.
Thirdly, let us consider the limit of |y0|   1. In this case, the spectrum for the extra
matter is similar to the case with a large Dirac mass term in the super-potential. Therefore,
we expect that QQ¯ decouples and  M  = 0 as expected from the ultraviolet insensitivity
properties of the anomaly mediation. Actually, since the Dirac mass term and the b term are
given by µQ = y0m3/2 and b/µQ =  m3/2, and the soft squared mass terms are negligible,
we obtain  M  = 0 from Eq. (90).
37 This formula can be applied to any cases, no matter the origin of the Dirac mass, b term, and soft squared
mass terms.
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Finally, let us take the limit of | |   1, where the Dirac mass term and the b term are
given by µQ =  m3/2 and b/µQ = 2m3/2. The soft squared mass terms are negligible and we
obtain
 M  =
g2
16⇡2
6TQm3/2. (91)
Here, the anomaly mediated e↵ect and the threshold correction contribute to gaugino masses
additively.
3. Bino, wino, gluino masses
Let us assume that the vector-like matter fields belong to SU(5) GUT multiplets so that
the coupling unification is preserved. In this case, the contribution of the vector-like matter
fields to the gaugino mass is given by,
 Mi =
g2i
16⇡2
ei Ne↵m3/2, (92)
and hence, satisfies the so-called GUT relation. The definition of Ne↵ can be understood by
comparing Eqs. (87) and (92).38 It should be noted that Ne↵ can be rather large either from
small m2  or from many extra matter fields. As we have discussed, the phase of b/µQ is a
free parameter, and hence, we take   as a free parameter.
In Figure 6, we show the physical gaugino masses in the presence of the extra matter
fields for m3/2 = 100 TeV as a function of Ne↵ for given values of  . Here, we have neglected
the higgsino threshold correction for simplicity, i.e. L = 0. It can be seen that the gluino
mass can be much lighter than that predicted in the purely anomaly mediated case, which
enhances the detectability of the gluino at the LHC.
Note that the gaugino can be degenerated with each other. In this case, the thermal
abundance of the LSP is determined by coannihilations between gauginos. We discuss this
issue in the next section.
It should be noted that it is even possible for all three gauginos to be degenerate for
  ' 0 and Ne↵ ' 4   5. This is bacause the MSSM contributions to the gluino mass is
negative while those to the wino and the bino masses are positive. Thus, the addition of the
38 Ne↵ is not identical to the number of flavors,
P
Q 2TQ.
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FIG. 6: The gluino, wino, and bino masses for m3/2 = 100 TeV with the threshold corrections from
the extra vector-like matter in Eq. (92). We have neglected the higgsino threshold correction, for
simplicity, i.e. L = 0.
extra matter contributions satisfying the GUT relation can reduce the gluino mass while
increasing the wino and bino masses.
Let us comment on CP violations from the phase of the gaugino masses. First, we
assume that some flavor symmetry controls the soft squared mass terms so that they are
nearly diagonal, since otherwise constraints from the K0   K¯0 mixing suggest that the soft
squared mass terms are larger than O(1000) TeV [132, 133], even if   = 0. Under this
assumption, a one-loop contribution to the neutron electric dipole moment (left panel of
Fig. 7) is much smaller than the experimental upper bound [70]. A two loop Barr-Zee type
contribution (right panel of Fig. 7), which dominates over the one loop contribution for
large soft squared mass terms, is also far smaller than the experimental upper bound for
µ = O(100) TeV [134].
B. Gaugino mass from QCD axion
Here, we review the contribution of the QCD axion to the gaugino masses, following
Ref. [57]. In general SUSY QCD axion models, there is an axion chiral multiplet which
couples to vector-like matter fields. Since the axion multiplet is a flat direction and hence is
45
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FIG. 7: Feynman diagram contributing to the neutron electric dipole moment.
not fixed, it generally obtain a non-zero F term. Thus, the gaugino mass receives threshold
corrections from the vector-like matters [54].
1. KSVZ type models
Let us consider the so-called KSVZ [55, 56] type axion model in which the anomaly of
the Peccei-Quinn (PQ) symmetry [81, 82, 135, 136] of the QCD is mediated by additional
standard model gauge charged matters Q and Q¯. Here, we assume a superpotential,39
W =  X(  ¯   v2) + y  
n
Mn 1pl
QQ¯, (93)
where X,  ,  ¯ are chiral fields carrying (PQ,R) charges (0, 2), (1, r ) and ( 1, r ), re-
spectively. Without loss of generality, we take  , y and v to be positive and real by field
redefinitions. We assume that the axion multiplet is the only flat direction,  v   m3/2. We
also assume that y h in /Mn 1pl   m3/2.
The scalar potential of the scalar components of X,  , and  ¯ is given by
V =  2|  ¯   v2|2 +  2|X|2  | |2 + | ¯|2 
+m23/2
 
aX |X|2 + a | |2 + a ¯| ¯|2
 
+
⇣
2 v2m3/2X + b˜m
2
3/2  ¯ + h.c.
⌘
. (94)
Here, we assume that X,  and  ¯ couple to the SUSY breaking sector only through Planck
suppressed interactions, and hence, aX , a and a ¯ are at largest O(1). It should be noted
that the b˜ term, b˜m23/2  ¯ with b˜ = O(1), can arise from the R symmetry breaking e↵ect [44,
39 The domain wall problem [137] is absent for n = 1.
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45] because the combination   ¯ is neutral under the PQ and R symmetry. As we will see,
however, the b˜ term does not a↵ect gaugino masses.
The minimum of the potential is at
hXi =   2m3/2v
2
 
 | h i |2 + | ⌦ ¯↵ |2 
 
1 +O
 
m23/2
 2v2
!!
,
h i =
 
a ¯m
2
3/2 +  
2| hXi |2
a m23/2 +  
2| hXi |2
!1/4
v
 
1 +O
 
m23/2
 2v2
!!
,
⌦
 ¯
↵
=
 
a m23/2 +  
2| hXi |2
a ¯m
2
3/2 +  
2| hXi |2
!1/4
v
 
1 +O
 
m23/2
 2v2
!!
. (95)
Here, we take h i to be positive and real by field redefinitions. Note that at the leading
order in m3/2/( v), the VEVs do not depend on the b˜ term. This is because the direction
  ¯ is fixed by the superpotential.
In order to calculate the gaugino masses, let us calculate the b term of QQ¯. It is given by
Lb term = y h i
n
Mn 1pl
m3/2AA¯+ ny
h in 1
Mn 1pl
hF iAA¯+ h.c., (96)
F =  
⇣
W † † +m3/2 
⌘
=   X† ¯†  m3/2 , (97)
where A and A¯ are the scalar components of Q and Q¯, respectively.
When we calculate the gaugino masses via a QQ¯ loop, the contribution from the first
term in Eq. (96) cancels with the anomaly mediated contribution.40 This is nothing but the
decoupling of heavy vector-like matter [48]. The contribution from the second term, on the
other hand, does not cancel, which yields the correction to the gaugino masses given by
 M  =  
ny h in 1 hF i /Mn 1pl
y h inm3/2/Mn 1pl
⇥ g
2
16⇡2
2TQm3/2 =
g2
16⇡2
2TQ ⇥  n hF ih i . (98)
From Eqs. (95) and (97), the F term of  is given by
F =  m3/2 h i a ¯   a a ¯ + a + 2 2| hXi |2/m23/2
 
1 +O
 
m23/2
 2v2
!!
⌘  m3/2 h i ✏, (99)
where ✏ is of order one, unless the soft squared mass terms of  and  ¯ accidentally coincide
with each other.
40 This cancellation happens only when y h in /Mn 1pl   m3/2. For gaugino masses with y h in /Mn 1pl ⇠
m3/2, see the previous subsection
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By substituting Eq. (99) into Eq. (98), we obtain the contribution from the axion model
to the gaugino masses,
 M  =
g2
16⇡2
2TQn✏m3/2 (100)
Note that the phase is aligned with the anomaly mediated contribution. This is because the
phases of h i and hF i are aligned with each other.
Let us comment on the case with several flavors of vector-like matters, as is the case
with axion models presented in Ref. [62]. Even if there are several flavors of vector-like
matters, we can always diagonalize their mass matrices. Each mass eigenstates contributes
to the gaugino masses as given in Eq. (100). The correction to the gaugino masses is simply
multiplied by the number of the flavors.
2. Bino, wino, gluino masses
We assume that matter fields QQ¯ belong to SU(5) GUT multiplets. In the presence of
the axion model described above, the gaugino masses receive threshold corrections at the
scale of the mass of QQ¯. However, M /g2 is a renormalization invariant in SUSY theory
at an one-loop level. Hence, it is not necessary to solve the renormalization equations from
the mass scale of QQ¯ to the gravitino mass scale for an one-loop analysis. We can treat
the correction given by Eq. (100) as if it is generated at the gravitino mass scale, and solve
the renormalization equations (19). Therefore, in this axion model, gaugino masses are
parameterized by Eq. (92) with   = 0. Physical gaugino masses are given by the upper left
panel of Fig. 6. In axion models with a large number of additional matter [62], Ne↵ would
be considerable.
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V. GAUGINO COANNIHILATION
◆ ⇣
This section is based on Ref. [138];
Keisuke Harigaya, Kunio Kaneta and Shigeki Matsumoto, “Gaugino coannihilations,”
Phys. Rev. D 89, 115021 (2014), Copyright (2014) by the American Physical Society.✓ ⌘
As we have seen in the previous section, the gaugino mass receives corrections from light
vector-like matter fields or a QCD axion. Then gauginos may be degenerated with each
other. In that case, the thermal relic abundance of the LSP is determined by the coanni-
hilation of gauginos. In this section, we calculate the LSP abundance in the coannihilation
region of gauginos, and discuss the phenomenology of gauginos at the LHC and cosmic-ray
experiments.
We treat gaugino masses as free parameters and present model-independent results. We
thus consider the following four coannihilations below: bino-gluino coannihilation, wino-
gluino coannihilation, bino-wino coannihilation, and the coannihilation in which all gauginos
participate. The last case is discussed using the model presented in Sec. IVB for simplicity,
where   in Eq. (92) vanishes. In calculating the annihilation cross section, we take the
Sommerfeld e↵ect [139, 140] into account. As we will see, the Sommerfeld e↵ect change the
thermal LSP abundance considerably.41
A. Lagrangian of gauginos
Before discussing the thermal relic abundance of the gaugino dark matter, we write down
the low-energy e↵ective lagrangian of the heavy sfermion scenario at the scale around the
gaugino masses. As already mentioned in introduction, the higgsino is assumed to be much
heavier than the gauginos, and thus the mixing between bino and wino is approximately given
by m2Z/(µ| M |) ' 10 2(µ/100TeV) 1(| M |/10GeV) 1, where  M is the mass di↵erence
between bino and wino. Even if bino and wino (whose masses are O(102 3) GeV) are nearly
degenerate, the mixing is less than O(1)% in the parameter region of interest. Therefore,
41 Let us list di↵erences from previous works. In Refs. [141, 142], neutralino-gluino coannihilation is consid-
ered without including the Sommerfeld e↵ect. In Ref. [143], bino-wino coannihilation is considered with
including the Sommerfeld e↵ect, while ignoring masses of standard model particles.
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their mass eigenstates are well approximated by their weak eigenstates42.The lightest and
the second lightest neutralinos are then pure neutral gauginos, while the lightest chargino is
the pure charged wino. In following discussion, we denote bino, neutral wino, charged wino,
and gluino fields as eB, fW 0, fW , and eGa with M1, M2, M c2 , and M3 being their physical
masses, respectively. The mass di↵erence between charged and neutral winos is generated by
a quantum correction of the standard model (SM) [100, 101, 102], and has been calculated
at two-loop level [103, 104]. When the wino mass |M2| is much larger than the electroweak
scale, the di↵erence is about 170MeV without depending on M2.
The e↵ective lagrangian involves SM interactions, renormalizable interactions of the gaug-
inos which play important roles to calculate their annihilation cross sections, and higher-
dimensional interactions obtained by integrating out heavy fields with masses of O(m3/2)
(sfermions, higgsino, heavy higgs bosons):
Le↵ = LSM + Lbino + Lwino + Lgluino + LH.O., (101)
Lbino = (1/2) eB(i/@  M1) eB, (102)
Lwino = (1/2)fW 0(i/@  M2)fW 0 +fW (i/@  M c2)fW 
 g2fW   sW /A  cW /Z fW    g2 (fW  /W fW 0 + h.c.), (103)
Lgluino = (1/2) eGa(i/@  M3) eGa + i (g3/2) fabc eGa /Gb eGc. (104)
A, W , and Z are photon, W , and Z boson fields, while sW = sin ✓W (cW = cos ✓W ) is the
sine (cosine) of the Weinberg angle. The SM lagrangian is denoted by LSM. The last term
LH.O. involves higher-dimensional interactions: e.g. four Fermi interactions including two
gauginos and two SM fermions. The operators play important roles to maintain chemical
equilibrium between the lightest and next lightest SUSY particles during the coannihilation
period via decay, inverse decay, and conversion processes. Since detailed forms of the higher-
dimensional interactions are not important for our discussion, we do not explicitly write them
down.
42 Note that the mixing is significant if higgsino is light, which is discussed in Ref. [144]. If the sign of M1
and M2 is opposite, bino and wino do not mix each other [145]
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B. Bino-gluino coannihilation
It is known that the thermal relic abundance of dark matter with coannihilation processes
is obtained by solving the following Boltzmann equation [146]:
dY
dx
=  h e↵ vi
H x
✓
1  x
3g⇤s
dg⇤s
dx
◆
s (Y 2   Y 2eq). (105)
Y is the dark matter yield defined by the ratio between the number density of the dark matter
particle and the entropy density of the universe, s = g⇤s (2⇡2/45)(m3/x3), with x being the
inverse temperature of the universe in unit of the dark matter mass, x = m/T . The Hubble
parameter H and the equilibrium yield Yeq are given by H = (g⇤/90)1/2(⇡/Mpl)(m2/x2)
and Yeq = (ge↵ m3/s)x 3/2 e x/(2⇡)3/2, respectively. The massless degrees of freedom for
energy and entropy are denoted by g⇤ and g⇤s, respectively. We evaluate them according
to Refs. [147, 148] using lattice data of the QCD phase transition [149]. The e↵ective
annihilation cross section  e↵ is given by
 e↵ v =
X
i, j
( ij v)
gi gj
g2e↵
(1 + i)
3/2(1 + j)
3/2 exp[ x ( i + j)], (106)
where  ij is the annihilation cross section between particles ‘i’ and ‘j’ with gi and gj being
their spin (color) degrees of freedom,43 v is the relative velocity between the particles, and ge↵
is the e↵ective degree of freedom for ‘dark matter particles’, ge↵ =
P
i gi (1+ i)
3/2 exp[ x i]
with  i = (mi  m)/m. The mass of the particle ‘i’ is denoted by mi, and m1 = m corre-
sponds to the dark matter mass. The cross section with the bracket, h e↵ vi, in Eq. (105)
represents the one which is averaged by the dark matter velocity distribution at the tem-
perature T .
For the case of bino-gluino coannihilation in the heavy sfermion scenario, the annihilations
of eB eB ! SMs and eB eG! SMs are suppressed due to heavy sfermions and higgsinos. Only
the annihilation eG eG ! SMs contributes to the e↵ective annihilation cross section. It is
worth noting here that the chemical equilibrium between coannihilating particles during
the freeze-out epoch is maintained thanks to higher-dimensional operators in the lagrangian
(101): the (inverse) decay rate of the gluino and the conversion rate between bino and gluino
are enough larger than the expansion rate of the universe H, so that the ratio of number
43 Not to be confused with the gauge coupling constant.
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densities between the coannihilating particles is determined only by the temperature T .44
In the gluino annihilation, the Sommerfeld e↵ect may enhance or suppress its cross sec-
tion [139, 140]. The e↵ect can be interpreted as the one distorting wave-functions of incident
particles due to long-range force acting between them, and it is incorporated through the
following formula at leading order45:
 v = ( 0v)⇥ lim
r!1
| (r)|2, (108)
where  0 is the self-annihilation cross section of the gluino calculated in a usual perturbative
way, while | (r)|2 is so-called the Sommerfeld factor. The factor is calculated by solving the
following Shro¨dinger equation,
  1
M3
d2
dr2
+ V (r)
 
 (r) = E  (r), (109)
with the boundary condition: the wave-function  (r) has only an out-going wave at r !1
with its normalization fixed to be  (0) = 1.
Potential V (r) in the above Shro¨dinger equation depends on which color representation
the incident gluino pair has. The product of two color adjoint representations is decomposed
into 1 8A 8S 10 10 27. With the fact that the s-wave process dominates the annihilation
and the gluino is a Majorana fermion, the representations 1, 8S, and 27 must form spin-0
states, while other representation 8A, 10, and 10 must form spin-1 states. The potential is
then given by
VR(r) ' cR ↵3/r, (110)
with the coe cient cR =  3,  3/2,  3/2, 0, 0, and 1 for representations 1, 8S, 8A, 10, 10,
and 27, respectively (see Appendix F). It then turns out that the potential gives repulsive
44 In the limit of infinite sfermion masses, the chemical quilibrium is not maintained. By requiring that the
conversion rate of a bino into a gluino is large enough, we obtain the upper bound on sfermion masses;
msfermion < 1000 TeV
✓
M1
TeV
◆3/4✓ T
10 2M1
◆1/4
, (107)
where T is the temperature of the universe.
45 Coannihilation between gluino and neutralino (corresponding to bino and wino in our case) has been
already considered in Refs. [141, 142] without including the Sommerfeld e↵ect, while the case of gluino
being LSP is studied with including the Sommerfeld e↵ect [150]. The e↵ect has been included in the
coannihilation between bino (SU(2)L-singlet) and gluino (SU(3)c-octet) in Ref. [151].
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force for the representation 27, and its annihilation cross section is highly suppressed. For
the representations 10 and 10, the potential vanishes, and their initial wave-functions are
not distorted. For the representations 1, 8S, and 8A, the potential gives attractive force,
and their annihilation cross sections are expected to be enhanced. In fact, the Shro¨dinger
equation can be solved analytically when V (r) is approximated by the Coulomb potential,
and the Sommerfeld factor becomes [152] (see also Appendix F)
lim
r!1
| (r)|2 = 2⇡cR↵3/v
exp[2⇡cR↵3/v]  1 , (111)
with v being the relative velocity between the incident gluino pair. The factor is actually
enhanced by 1/v for a negative cR, while it is suppressed for a positive cR. Here, we should
mention which energy scale we should use to evaluate ↵3 in the factor, because higher order
QCD corrections to V (r) significantly depends on the scale. According to the prescription
in Ref. [153], we take the scale µ obtained by solving the following self-consistency equation:
µ = (M3/2) |cR|↵3(µ). (112)
In order to evaluate the factor more accurately, we should calculate the potential including
higher order QCD corrections as well as finite temperature corrections, because the freeze-
out phenomena occurs before QCD phase transition (say, in the symmetric phase), which is
postponed to future work.
Since the Sommerfeld e↵ect depends on the representation of the incident gluino pair,
the annihilation cross section,  0 v, in Eq. (108) must be calculated in each representation.
The cross section is given by
 0 v|R=1 = 4⇡↵23c2R/M23 , (113)
 0 v|R=8S = 4⇡↵23c2R/M23 , (114)
 0 v|R=8A = (⇡↵23/M23 )
P
f (2 +m
2
f/M
2
3 )(1 m2f/M23 )1/2, (115)
 0 v|R=27 = 4⇡↵23c2R/M23 , (116)
while the cross sections for the representations 10 and 10 vanish. The cross section forR = 8A
comes from annihilations to various quark pairs, while those for other representations (R = 1,
R = 8S, and R = 27) are from annihilation to a gluon pair. As a result, the contribution to
the e↵ective annihilation cross section in Eq. (106) from the gluino self-annihilation is given
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FIG. 8: Left panel: Coannihilation region between bino and gluino. The bino dark matter is over-
produced in the region above the black line. For comparison, the result without the Sommerfeld
e↵ect is shown as the black dotted line. Current and future-expected limits on the region from the
LHC experiment are also shown. Right panel: Coannihilation region between wino and gluino.
The black solid and dotted lines have the same meanings as those of the left panel. A limit on
the wino dark matter obtained from the monochromatic line-gamma ray search (by observing the
galactic center) at the H.E.S.S. experiment is also shown. See text for more details.
by
 G˜G˜ v = (1/256)(  v|R=1 + 8  v|R=8S + 3⇥ 8  v|R=8A + 27  v|R=27), (117)
which is consistent with Ref. [150].
With the annihilation cross section discussed above and solving the Boltzmann equation
(105), we obtain the final yield of the dark matter particle, Y (1). The thermal relic abun-
dance of the dark matter is then given by ⌦h2 = ms0 Y (1)/(⇢c h 2) with s0 = 2889 cm 3
and ⇢c h 2 = 1.054⇥ 10 5GeVcm 3. In the left panel of Fig. 8, the coannihilation region of
bino and gluino is shown. Along the black solid line, the resultant bino abundance coincides
with the observed upper limit, ⌦(obs.)h2 = 0.125. In the region below (above) the line, the
abundance is smaller (larger) than the value. As a reference, we have shown the result ne-
glecting the Sommerfeld e↵ect [141, 142], which is denoted by the black dotted line. It can
be seen that the bino dark matter can be as heavy as 7–8TeV due to the coannihilation. In
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the plot, current [89] and future-expected [154] limits on the region obtained from the LHC
experiment are also shown as orange and green/blue solid lines, respectively. The current
limit is obtained by 19.5 fb 1 data at 8TeV running, while future-expected limits assume
30 and 100 fb 1 data at 14TeV running. Search for the gluino which is degenerated with a
neutralino (bino) with the mass di↵erence of O(100)GeV is therefore mandatory to explore
the gluino-bino coannihilation region of the heavy sfermion scenario. In this search, the
gluino pair production associated with the initial state radiation (ISR) gluon(s) will play an
important role.
C. Wino-gluino coannihilation
Calculation of the dark matter abundance in wino-gluino coannihilation region is essen-
tially the same as that in the previous subsection. Only the di↵erence is that annihilations
of wino dark matter and its SU(2)L partners also contribute to the e↵ective annihilation
cross section in Eq. (106). The coannihilation between wino and gluino is again suppressed
because of heavy sfermions and higgsinos. In the wino annihilations, there are six anni-
hilation modes: fW 0fW 0, fW+fW , fW 0fW±, and fW±fW±. Remembering the fact that the
neutral wino is a Majorana fermion, initial states of fW 0fW 0 and also fW±fW± form only
spin-0 states. Initial states of other modes, on the other hand, form both spin-0 and spin-1
states. See appendix G for concrete expressions of their annihilation cross sections. As in
the gluino annihilation, the wino annihilations also receive the Sommerfeld e↵ect. In the
annihilations, the potentials V (r) in their Schro¨dinger equations are generated by exchang-
ing photons (Coulomb potential) and W/Z bosons (Yukawa potential) between the incident
particles. Since the Sommerfeld e↵ect on the annihilations have already been discussed in
the literature [49], we omit to write down those explicitly.
The coannihilation region between wino and gluino is shown in the right panel of Fig. 8.
The relic abundance of neutral wino is below the observed upper limit on the left side of the
black solid line, when the Sommerfeld e↵ect is included. For comparison, the result without
the Sommerfeld e↵ect is shown by the black dotted line. At the right ends of the lines, gluino
and wino are almost degenerated with each other. In this case, due to the large annihilation
cross section of gluino in comparison with that of wino, the dark matter abundance is
essentially determined by the annihilation cross section of gluino [141]. It can be seen that
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wino can be as heavy as 7TeV because of the coannihilation. When the mass di↵erence
between wino and gluino is large enough, the solid line asymptotically approaches M2 '
3.1TeV, which is the mass predicted by the usual wino dark matter. A bumpy structure can
be seen on the black solid (dotted) line atM3 M2 ⇠ 200GeV (M3 M2 ⇠ 100GeV), which
originates from the gluino contribution; it is somewhat suppressed by the Boltzmann factor
in this region and its annihilation cross section becomes comparable to wino’s, leading to
the suppression of the e↵ective annihilation cross section due to the increase of ge↵ .
Another limit on the wino dark matter is also shown in the plot, which is obtained from
the monochromatic gamma-ray search (by observing the galactic center) at the H.E.S.S.
experiment [155]. The limit depends strongly on the dark matter profile at the center. The
orange band is the limit adopting the NFW (cuspy) profile [156], while the brown band is
the one adopting the Burkert (cored) profile [157]. The limits are estimated with allowing
2 -deviation from circular velocity data of our galaxy [158]. It is interesting to see that, even
if we take the limit adopting the NFW (cuspy) profile, we can find the parameter region
consistent with the thermal relic abundance of dark matter.
D. Bino-wino coannihilation
Calculation of the dark matter abundance in bino-wino coannihilation region is also the
same as those in previous subsections. In this region, only the wino annihilations contribute
to the e↵ective annihilation cross section in Eq. (106). Other annihilation processes between
binos and between bino and wino are suppressed again because of heavy sfermions and
higgsinos. Since both bino and wino can be dark matter in this coannihilation, we discuss
the two cases separately.
Bino-wino coannihilation with the bino being dark matter is similar to bino-gluino coan-
nihilation, as seen in the left panel of Fig. 9. Black solid and dotted lines have the same
meanings as those of previous figures. The bino dark matter can be as heavy as 3TeV due
to the coannihilation. We have also shown other limits obtained by collider physics. The
blue region has been excluded by the LEP II experiment, in which the wino pair production
was searched for via an initial state radiation of a photon [159]. The orange region has been
ruled out by the LHC (ATLAS) experiment, in which the fW±fW 0 production was searched
for via its decay into three leptons, fW±fW 0 ! (W± eB) (Z eB)! ⌫ `± `+ `  eB eB [160]. In the
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analysis, charged and neutral winos are assumed to decay into o↵-shell W and Z bosons
with 100% ratio. In the heavy sfermion scenario, almost all charged winos actually decay
into W ⇤, for it is governed by a dimension-five operator involving neutral wino, bino, and
two Higgs doublets, which causes the transition from neutral wino into bino after the decayfW+ ! fW 0W ⇤. Other decay channels of the charged wino are from dimension-six operators.
On the other hand, this dimension-five operator also induces the decay of the neutral wino
into a o↵-shell Higgs boson, though its fraction is suppressed by the bottom Yukawa cou-
pling. Decay channels of the neutral wino into two leptons are from dimension-six operators.
The neutral wino thus decays mainly into two leptons when higgsinos or sleptons are some-
what lighter than other heavy SUSY particles. It turns from the figure that detecting soft
leptons of O(10)GeV at 14TeV running will play a crucial role to explore this coannihilation
region.
As already mentioned, the mixing between bino and wino is negligibly small in the pa-
rameter region of interest because we assume that higgsino is much heavier than gauginos.
For instance, the mixing is O(1)% when M1 ' 100GeV and M2  M1 ' 10GeV, which is
too small and irrelevant in our result. For the heavy bino case, the mixing becomes around
10% when M1 ' 3TeV and M2 M1 ' O(1)GeV, which we have neglected in the analysis.
The coannihilation between bino and wino with the wino being dark matter is, on the
other hand, similar to wino-gluino coannihilation, which is shown in the right panel of
Fig. 9. Black solid and dotted lines have the same meanings as before. The di↵erence from
the wino-gluino coannihilation can be seen at the region that coannihilating particles are
highly degenerated in mass. In wino-gluino coannihilation, the e↵ective annihilation cross
section is enhanced by the gluino annihilation at this region, while it is suppressed by very
small (almost zero) annihilation of bino in bino-wino coannihilation. As a result, the wino
mass coinciding with the observed upper limit is decreased to 2.8TeV, which is smaller
than the mass predicted by the usual wino dark matter, M2 ' 3.1TeV. When the mass
di↵erence between bino and wino is large enough, the black solid line approaches this value.
In the plot, a limit from the H.E.S.S. experiment is also shown as in the case of wino-gluino
coannihilation. It then turns out that, if we take the limit adopting the NFW profile, all
region is excluded, though the use of the NFW profile seems too aggressive to conclude that
the coannihilation region has completely been ruled out.
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FIG. 9: Left panel: Coannihilation region between bino and wino with the bino being dark
matter. Black solid and dotted lines have the same meanings as those of previous figures. Limits
from the LEP II and LHC experiments are also shown as blue and orange lines. Right panel:
Coannihilation region between bino and wino with the wino being dark matter. The black solid
and dotted lines have the same meaning as those of the left panel. A limit on the wino dark
matter obtained by the monochromatic line-gamma ray search (observing the galactic center) at
the H.E.S.S. experiment is also shown.
E. Coannihilation in which all gauginos participate in
Here, we consider the thermal relic abundance of dark matter in the framework of the
Peccei-Quinn extension of the MSSM reviewed in Sec. IVB, that is, a model where   in
Eq. (92) vanishes. We have scanned the following parameter region: 10TeV < m3/2 <
400TeV and 1 < Ne↵ < 6 with the higgsino threshold correction L being neglected. The
result is shown in Fig. 10 as a function of m3/2 and Ne↵ . Black solid and dotted lines are the
same as those in previous figures. Roughly speaking, the result is divided into three regions:
the wino dark matter region (painted by blue) when Ne↵ is smaller than about two, the bino
dark matter region (painted by green) when Ne↵ is larger than 4–5, and the gluino dark
matter region (painted by pink) in between. The gluino dark matter region is, of course,
strongly disfavored by various experiments and observations.
It can be seen from the figure that the coannihilation region in which all gauginos partici-
58
1 2 3 4 5 610
20
30
40
50
100
200
300
Neff
m 3
!2"TeV#
Pe
rtu
rba
tiv
e
No
n!
pe
rtu
rba
tiv
e
"
LS
Ph
2 #
0.1
25
Wino
W
ino
LEPII
Line Γ !Burkert"
Line Γ !NFW"
Gluino Bino
LHC"8TeV, 19.5fb!1#
LHC"8TeV, 19.5fb!1#
FIG. 10: Coannihilation region in which all gauginos participate in the framework of the Peccei-
Quinn extension of the MSSM. The higgsino threshold corrections are assumed to vanish (L = 0).
Black solid and dotted lines have the same meaning as before. Wino, gluino, and bino are the
lightest SUSY particle in regions painted by light blue, light red, and light green, respectively.
Several experimental constraints are also shown by the same colors as those of previous figures.
pate in is realized at Ne↵ ⇠ 5 and m3/2 > 50TeV, where the region appears as a narrow blue
band sandwiched by pink and green regions. It is also worth pointing out that the black
solid line is across the region. This fact means that there is a region providing the correct
relic abundance due to coannihilation of all gauginos: the region is found to be Ne↵ ' 5 and
m3/2 ' 250TeV, corresponding to (M1,M2,M3) ' (4250GeV ,4210GeV, 4220GeV). In the
plot, we have also shown several constraints from LEP II, LHC, and H.E.S.S. experiments as
in cases of coannihilation regions previously discussed. It can be seen that the coannihilation
region mentioned above, namely Ne↵ ' 5 and m3/2 ' 250TeV, evades all of the constraints.
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VI. SUMMARY AND DISCUSSION
In this thesis, we have discussed the gaugino mass in the heavy sfermion scenario. As we
have reviewed in Sec. II, the heavy sfermion scenario is not only consistent with the observed
higgs mass, but also is free from cosmological problems such as the Polonyi problem and the
gravitino problem. In the heavy sfermion scenario, gauginos are as heavy as O(1) TeV and
are primary targets of experimental searches.
In Sec. III, we have derived the anomaly mediated gaugino mass, which is the essential
ingredient of the heavy sfermion scenario. We have derived it in the superspace formalism of
supergravity with a Wilsonian e↵ective action. We have shown that in the heavy sfermion
scenario, the gaugino mass is protected by the approximate super-Weyl symmetry. The
gaugino mass is induced by the quantum anomaly of the approximate super-Weyl symmetry.
We have treated the anomaly with the path-integral formulation and reproduced the gaugino
mass derived with other formalisms in the literature. In our derivation, it is essential to
construct a super-di↵eomorphism invariant path-integral measure.
In Sec. IV, we have derived the gluino, the wino and the bino mass in the presence of light
vector-like matter fields and the QCD axion. We have shown that gaugino masses receive
corrections as large as the anomaly mediation. The gluino mass can be smaller than the
purely anomaly mediated case, which enhances the detectability of the gluino at the LHC.
Including these corrections, is it possible that gauginos are degenerated in their masses
with each other. In this case, the thermal abundance of the LSP is determined by coannihi-
lations between gauginos. By calculating the thermal abundance of the LSP, we can predict
mass di↵erences between gauginos. The information on the mass di↵erences is important
for the experimental search of gauginos in the gaugino coannihilation region.
In Sec. V, we have calculated the thermal LSP abundance in the gaugino coannihilation
region and discussed the phenomenology of gaugino searches at the LHC and cosmic ray
experiments. In the calculation, we have taken the Sommerfeld e↵ect into account. Here we
summarize the phenomenology:
• In the bino-gluino coannihilation region, the mass di↵erence between the bino LSP
and the gluino is typically O(100) GeV. Search for the the gluino pair production
associated with the initial state radiation will play an important role.
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• In the wino-gluino coannihilation region, the wino mass can be as large as 7 TeV. The
monochromatic gamma-ray search is important.
• In the bino-wino coannihilation region with the bino LSP, the mass di↵erence between
the bino LSP and the wino is typically O(10) GeV. Electroweakino search with soft
leptons of O(10) GeV at the LHC is important.
• Phenomenology of the bino-wino coannihilation region with the wino LSP is the same
as that of the purely anomaly mediated case with the wino LSP.
Finally, we stress that the observation of gauginos is important not only for testing the
heavy sfermion scenario, but also for investigating physics beyond the MSSM. Within the
MSSM, the relation between the masses of gauginos are restricted; for example, it is di cult
for the gluino to be light (see Fig. 4). If gaugino masses deviating from the prediction of
the MSSM are observed, it indicates the existence of physics beyond the MSSM.
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APPENDIX A: MSSM HIGGS
In this section, we calculate the minimum of the MSSM higgs potential and the mass
spectrum of MSSM higgses, following Ref. [161].
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1. Minimum of the potential and tan 
Let us first find the minimum of the MSSM higgs potential. At the tree level , the
potential of the up-type higgs Hu = (h+u , h
0
u)
T and the down-type higgs Hd = (h0d, h
 
d )
T is
given by
V (Hu, Hd) =
 |µ|2 +m2Hu   |h0u|2 + |h+u |2 +  |µ|2 +m2Hd   |h0d|2 + |h d |2 
+
⇥
bH
 
h+u h
 
d   h0uh0d
 
+ h.c.
⇤
+
1
8
(g2 + g02)
 |h0u|2 + |h+u |2   |h0d|2   |h d |2 2 + 12g2|h+u h0⇤d + h0uh ⇤d |2,(A1)
where µ, m2Hu , m
2
Hd
, bH , g and g0 are the higgsino mass, the soft scalar squared masses of
the up-type and the down-type higgs, the holomorphic soft mass, the SU(2)L and U(1)Y
gauge coupling constant, respectively.
By an U(1)PQ rotation, we take bH > 0 without loss of genericity. By the SU(2)L rotation,
we take hh+u i = 0. Then
⌦
h d
↵
= 0 obviously. For h+u = h
 
d = 0, the potential of h
0
0 and h
0
d
is given by
V (h0u, h
0
d) =
 |µ|2 +m2Hu  |h0u|2 +  |µ|2 +m2Hd  |h0d|2 +   bHh0uh0d + h.c. 
+
1
8
(g2 + g02)
 |h0u|2   |h0d|2 2 . (A2)
For the potential to be bounded from below along the D-flat direction |h0u| = |h0d|, bH
should not be too large;
2bH < 2|µ|2 +m2Hu +m2Hd . (A3)
Also, for the quadratic term to be tachyonic at the origin, it is required that
b2H >
 |µ|2 +m2Hu   |µ|2 +m2Hd  . (A4)
We denote the VEVs of h0u and h
0
d as hh0ui = vu = vsin /
p
2, hh0di = vd = vsin /
p
2.
Since bH > 0, vuvd > 0. By a U(1)Y rotation, we take vu, vd > 0. We use a convention where
0 <   < ⇡/2.
The minimization condition @V/@h0u = @V/@h
0
d = 0 requires that
m2Hu + |µ|2   bHcot   
m2Z
2
cos(2 ) = 0,
m2Hd + |µ|2   bHtan  +
m2Z
2
cos(2 ) = 0. (A5)
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Here, we have used the relation v2u+ v
2
d = v
2/2 = 2m2Z/(g
2+ g
02). From Eq. (A5), tan  and
m2Z are given by
sin(2 ) =
2bH
m2Hu +m
2
Hd
+ 2|µ|2 , (A6)
m2Z =
|m2Hu  m2Hd |p
1  sin2(2 )  m
2
Hu  m2Hd . (A7)
Note that tan  is large if bH ⌧ m2Hu +m2Hd +2|µ|2 while tan  = O(1) if bH ⇠ m2Hu +m2Hd +
2|µ|2.
2. MSSM higgs mass
The mass eigenstate of MSSM higgses, that is, the CP even neutral scalars h0 and H0, the
CP odd neutral scalar A0, the neutral would-be Nambu-Goldstone boson G0, the charged
scalarH+ and the charged would-be Nambu-Goldstone boson G+, are given by0@h0u
h0d
1A =
0@vu
vd
1A+ 1p
2
R↵
0@h0
H0
1A+ ip
2
R 0
0@G0
A0
1A ,
0@h+u
h d
1A = R +
0@G+
H+
1A ,
R  ⌘
0@ cos  sin 
 sin  cos .
1A (A8)
By the minimization condition, one can show that  0 =  + =  . The masses of h0, H0, A0
and H+ are given by
m2A0 =
2bH
sin(2 )
= 2|µ|2 +m2Hu +m2Hd , (A9)
m2h0 =
1
2
✓
m2A0 +m
2
Z  
q
(m2A0  m2Z)2 + 4m2Zm2A0sin2(2 )
◆
, (A10)
m2H0 =
1
2
✓
m2A0 +m
2
Z +
q
(m2A0  m2Z)2 + 4m2Zm2A0sin2(2 )
◆
, (A11)
m2H+ = m
2
A0 +m
2
W . (A12)
The mixing angle ↵ is given by
sin(2↵)
sin(2 )
=  m
2
H0 +m
2
h0
m2H0  m2h0
,
tan(2↵)
tan(2 )
=
m2A0 +m
2
Z
m2H0  m2Z
. (A13)
We take a convention where  ⇡ < ↵ < 0.
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Note that the mass of h0 is bounded from above,
m2h0 < m
2
Zcos
2(2 ), (A14)
where the bound is saturated for m2A0   m2Z or m2A0 = m2Z . As we discuss in Sec. II A, this
bound is evaded if the quantum correction by the SUSY breaking e↵ect is large.
Let us consider the decoupling limit, m2A0   m2Z . Then m2A0 ' m2H0 ' m2H+   m2Z .
Below the energy scale mA0 , the higgs sector is expected to be described by the standard
model higgs doublet. Indeed, ↵ '     ⇡/2 in the decoupling limit and hence h0 behaves as
the standard model higgs h. The mass of h is given by
m2h = m
2
Zcos
2(2 ). (A15)
APPENDIX B: REVIEW ON SUPERGRAVITY
In this section, we sketch the superspace formulation of supergravity. For detailed calcu-
lations and discussions, see Refs. [51, 128]. We follow the notation in Ref. [51], except for
the notation of complex conjugate (we use †).
1. Gravity theory from local Lorentz symmetry
Before constructing supergravity, let us construct the gravity theory from a theory with a
local Lorentz symmetry. This construction enables us to easily include spinor representations
of the Lorentz symmetry in the theory. The gravity theory is obtained from the theory with
the di↵eomorphism invariance and the local Lorentz symmetry, imposing torsion constraints
and gauge-fixing the local Lorentz symmetry.
We denote the local Lorentz vector index by a, b, · · · and the coordinate (Einstein) vector
index by m,n, · · · . The infinitesimal di↵eomorphism and the infinitesimal local Lorentz
transformation of a Lorentz vector V a and a coordinate vector Um are given by
 V a(x) =  ⇠n(x)@nV a(x) + V b(x)Lba(x), (B1)
 Um(x) =  ⇠n(x)@nUm(x)  (@m⇠n (x))Un(x), (B2)
where ⇠m and Lab =  Lba parameterize the the di↵eomorphism and the local Lorentz trans-
formation, respectively. The local Lorentz transformations of a undotted Weyl spinor  ↵
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and a dotted Weyl spinor  †↵˙ are given by
  ↵(x) =   (x)L 
↵(x), L 
↵ =  1
2
 ab 
↵
Lab,
  †↵˙(x) =   
†
 ˙(x)L
 ˙
↵˙(x), L
 ˙
↵˙(x) =  1
2
 ab
 ˙
↵˙Lab. (B3)
Note that L↵  = L ↵ and L↵˙ ˙ = L ˙↵˙
We introduce the vielbein field, which is a vector under the local Lorentz symmetry and
the coordinate transformation, ema(x). Then we define the metric by
gmn = em
aena. (B4)
We use the vielbein to go back and forth between the local Lorentz index and the Einstein
index.
The connection associated with the local Lorentz symmetry !mab =  !mba is called the
spin connection;
DmV
a = @mV
a + !m
a
bV
b = @mV
a   V b!mba,
Dm 
↵ = @m 
↵      1
2
 ab 
↵
!mab. (B5)
where  is a spinor field. The local Lorentz transformation of the spin connection is given
by
 !ma
b = @mLa
b + !ma
cLc
b   Lac!mcb. (B6)
One can check that the derivative in Eq. (B5) is covariant under the local Lorentz transfor-
mation.
The a ne connection is obtained from the consistency of the covariant derivative of V a
and V m = ema V
a as
 pmn = e
p
a(@me
a
n + !m
a
be
b
n). (B7)
The curvature tensor is defined as the field strength of the local Lorentz symmetry,
Rmnab = @m!nab   @n!mab + !mac!ncb   !nac!mcb. (B8)
The Ricci tensor and the Ricci scalar are defined by
Rma = Rmnabe
bn, R = Rmae
am. (B9)
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In the gravity theory, the spin connection is an unnecessary degree of freedom. We
eliminate it by imposing a covariant torsion constraint.46 The torsion Tmn
a is defined by the
covariant exterior derivative of the vielbein,
dea + !ab ^ eb ⌘ T a, (B10)
where we have used the di↵erential form to simplify the expression. The conventional con-
straint is that the torsion vanishes identically. Then the spin connection is given by the
vielbein as
!m
ab = 2en[a@[men]
b]   en[aeb]pemc@necp. (B11)
A theory with the di↵eomorphism invariance is obtained by constructing an action invari-
ant under the di↵eomorphism and the local Lorentz transformation, and imposing Eq. (B11).
At this point, the local Lorentz symmetry is maintained. A part of the vielbein is gauged-
away by the remaining local Lorentz symmetry. The vielbein ema has 16 combonents, while
the local Lorentz transformation is parameterize by 6 parameters, Lab =  Lba. Thus, 10
components of the vielbein remain after gauge-fixing the local Lorentz transformation. Note
that the number of components is the same as that of the metric gmn.
For example, let us consider a perturbation around a flat space;
ema = ⌘ma + hma. (B12)
Then the transformation of the perturbation hma is given by
 hma = Lma. (B13)
By taking Lma = (hma   ham)/2, one can eliminate the anti-symmetric part of hma.
2. Global supersymmetry
a. SUSY algebra and superspace
The SUSY algebra is composed of the translation Pm and the global SUSY transformation
Q↵ and Q
†
 ˙
. Their commutation relation is given by
{Q↵, Q† ˙} = 2 m↵ ˙Pm. (B14)
46 Instead of imposing a torsion constraint, one can construct the spin connection from the vielbein so that
the constructed field transforms as a gauge field of the local Lorentz symmetry.
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The algebra is conveniently represented in the superspace labelled by z = (xm, ✓↵, ✓†↵˙), where
✓↵ and ✓†↵˙ are Grassmann variables. In the superspace, the representation of Pm, Q and Q
†
is given by
Pm = i@m, Q↵ =
@
@✓↵
  i m↵↵˙✓†↵˙@m, Q†↵˙ =
@
@✓†↵˙
  i✓↵ m
↵ ˙
✏ ˙↵˙@m. (B15)
A superfield is a function of the superspace z. Component fields, which are functions
only of x, are defined by the expansion coe cients of the superfield with respect to ✓ and
✓†. For a superfield G(x, ✓, ✓†) = A(x) + ✓ (x) + · · · , the SUSY transformation law of G
and its component is defined by
 ⇣G(x, ✓, ✓
†) ⌘ (⇣Q+ ⇣†Q†)G ⌘  ⇣A(x) + ✓ ⇣ (x) + · · · , (B16)
where ⇣ is the parameter of the SUSY transformation.
b. Chiral and vector multiplet
The superfield is in general a reducible representation of the SUSY. In order to construct
a generic SUSY invariant action, it is necessary to construct irreducible representations.
Here, we introduce two kinds of the irreducible representation of the SUSY.
For that purpose, we first introduce the following di↵erential operators,
D↵ =
@
@✓↵
+ i m↵↵˙✓
†↵˙@m, D†↵˙ =   @
@✓†↵˙
  i✓↵ m
↵ ˙
✏ ˙↵˙@m, (B17)
which satisfy
{D(†), Q(†)} = {D,D} = {D†, D†} = 0, {D↵, D†↵˙} =  2i ↵↵˙m@m. (B18)
Chiral (or scalar) multiplets   are defined by a constraint,
D†↵˙  = 0. (B19)
Due to the anti-commutation relation in Eq. (B18), a chiral multiplet is transformed into
a chiral multiplet by the SUSY transformation. Due to the linearity of the operator D†,
a product of chiral fields is again a chiral field. For a general superfield X, the following
superfield is chiral,
D†↵˙D
↵˙†X, (B20)
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due to the anti-commutation relation in Eq. (B18).
The real (or vector) multiplet V is defined by the constraint
V = V †. (B21)
From the definition of the SUSY transformation in Eq. (B16), a real multiplet is transformed
into a real multiplet by the SUSY transformation.
There is a convenient coordinate system called the chiral coordinate, which is convenient
for the calculation involving chiral superfields. Consider a coordinate system (y, ✓, ✓†), where
ym = xm + i✓ m✓†. (B22)
In this coordinate system, D, D†, Q, Q† are given by
D↵ =
@
@✓↵
+ 2i m↵↵˙✓
†↵˙ @
@ym
, D↵˙† =   @
@✓†↵˙
, (B23)
Q↵ =
@
@✓↵
, Q†↵˙ =
@
@✓†↵˙
  2i✓↵ m
↵ ˙
✏ ˙↵˙
@
@ym
. (B24)
Then the definition of chiral fields in Eq. (B19) is simply stated as an independence from ✓†
in the chiral coordinate. Chiral fields are in general expressed as
 (y, ✓) = A(y) +
p
2✓ (y) + ✓2F (y). (B25)
c. SUSY invariant action
For a given superfield, the SUSY transformation law of its highest component is a total
derivative, as can be seen from Eqs. (B15) and (B16). Then, for a given real superfield
V (x, ✓, ✓†), the following action is SUSY invariant and hermitian,Z
d4xd2✓d2✓†V (x, ✓, ✓†) ⌘
Z
d8zV (x, ✓, ✓†). (B26)
We refer to this type of Lagrangian term as “D terms”. The kinetic term of a chiral multiplet
  is, for example, given by
Lkin =
Z
d8z † . (B27)
Also, for a given chiral field, its ✓2 component transforms into a total derivative by the
SUSY transformation, as can be checked using Eqs. (B16), (B24) and (B25). Then for a
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  m y
U(1)R 1 0  1
U(1)A 1  2  3
TABLE III: Formal charge assignment of  , m and y.
given chiral superfield ⌅(y, ✓), the following action is SUSY invariant and hermitian,Z
d4xd2✓⌅W + h.c. ⌘
Z
d6z⌅+ h.c. (B28)
We refer to this type of Lagrangian term as “F terms”. A mass term of a chiral multiplet
  is, for example, given by Z
d6z
1
2
m 2 + h.c.. (B29)
d. Non-renormalization theorem
In the supersymmetric theory, so-called the non-renormalization theorem holds. It states
that parameters of F terms are not renormalized by perturbative quantum loop corrections.47
The non-renormalization theorem can be proven by a diagrammatic method [1]. Here, we
show an intuitive proof of the theorem by the holomorphy [162].
To be concrete, consider the following tree-level Lagrangian,
L =
Z
d8zZB 
†
B B +
Z
d6z
✓
1
2
mB 
2
B +
1
3
 B 
3
B
◆
+ h.c.
 
, (B30)
where  B is a bare chiral multiplet and ZB,mB,  B are bare constants. We formally promote
the constants m and y to background (i.e. non-dynamical) chiral multiplets, mB(y, ✓) and
 B(y, ✓). In the end, we turn-o↵ their y and ✓ dependence. Similarly, we promote ZB to a
real multiplet. Then the action has a formal U(1)R symmetry and a U(1)A symmetry shown
in Table III.
After quantum corrections are taken into account, the Wilsonian e↵ective action becomes
L =
Z
d8zZr 
†
B B +
Z
d6zW (mB, B, B) + h.c.
 
, (B31)
47 Precisely speaking, there is a renormalization scheme such that parameters of F terms are not renormal-
ized.
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where Zr is now a renormalized one. Here, W is a function of mB,  B and  B. W cannot
depend on their conjugate and ZB due to SUSY.
Let us determine the form of W from the U(1)R and U(1)A symmetry. A function of mB,
 B and  B consistent with the symmetries are in general given by
ck ⇥m1 kB ykB 2+kB , (B32)
where c and k are constants. The theory should be regular in the limit  B ! 0. Thus, k is
a non-negative integer. k = 2, 3, · · · leads to negative power of m, which corresponds to tree
level exchanges of  . Such terms are absent as long as the cut of the Wilsonian e↵ective
action is larger than the mass of  . Thus, W is in general given by
W = c0mB 
2
B + c1 B 
3
B. (B33)
In the limit  B ! 0, the action asymptotically approach to the bare action. Thus, it is
required that c0 and c1 coincide with the constants in the tree-level action, c0 = 1/2 and
c1 = 1/3. This shows that mB and  B are not renormalized in a perturbation theory. With
similar techniques, one can show the non-renormalization theorem for other theories.
3. Supergravity
a. super-di↵eomorphism and super local Lorentz symmetry
The construction of supergravity is parallel to that of gravity, but done in the superspace.
We denote the coordinate of the superspace by zM = (xm, ✓µ, ✓†µ˙). The reparameterization
invariance about the super coordinate is called the super-di↵eomorphism invariance.
The vector and the spinor index of the Lorentz symmetry is denoted by a, b, · · · and
↵,  , · · · , respectively. The Lorentz indices are collectively denoted by A,B, · · · . The local
Lorentz symmetry is now extended to the superspace and is parametrized by functions of
the super coordinate. We refer to the extend local Lorentz symmetry as the “super local
Lorentz symmetry”.48
48 This terminology is not common, but we use it to separate the extended local Lorentz symmetry from an
ordinary local Lorentz symmetry.
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The infinitesimal super-di↵eomorphism and the infinitesimal super local Lorentz trans-
formation of a Lorentz vector V A and a coordinate vector UM are given by
 V A(z) =  ⇠N(z)@NV A(z) + V B(z)LBA(z),
 UM(z) =  ⇠N(z)@NUM(z) 
 
@M⇠
N (z)
 
UN(z), (B34)
where ⇠M and LAB =  ( )ALBA parameterize the super-di↵eomorphism and the super local
Lorentz transformation, respectively.
Supergravity is obtained from the theory with the super-di↵eomorphism invariance and
the super local Lorentz symmetry, imposing torsion constraints and fixing gauges.49
b. Vielbein, connection and torsion constraint
The super vielbein and the super spin connection are the basic ingredients of supergravity.
The super vielbein field is a superfield with a superspace Einstein index M and a local
Lorentz index A, EM
A(z). The super vielbein is used to go back and forth between the local
Lorentz index and the Einstein index. The super spin connection  MA
B is the connection
associated with the super local Lorentz symmetry,
DMVA = @MVA    MABVB, (B35)
where D is the superspace covariant derivative and VA is a superfield with a local Lorentz
index A. The field strength, or the curvature, is defined by
RA
B = d A
B +  A
C C
B. (B36)
Since the super vielbein and the super spin connection include too much degree of freedom,
we impose torsion constraints to obtain the supergravity with minimal contents, namely the
graviton and the gravitino. The torsion is defined by the covariant exterior derivative of the
super vielbein,
TA = dEA + EB B
A. (B37)
49 The super-di↵eomorphism and the super local Lorentz symmetry are linear in fields. On the other hand,
after the gauge fixing, the remaining symmetries are non-linear in order to preserve the gauge conditions
(see Eq. (B46)). It would be possible to directly construct the resultant theory with symmetries non-linear
in fields, but it would be much simpler to start from a theory with all symmetries linear in fields.
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It is known that the following constraints are appropriate ones [51],
T c
↵ ˙
= T c
 ˙↵
= 2i c
↵ ˙
,
T
 
↵  = T
c
↵  = T
c
↵˙ ˙
= T c↵b = T
c
a  = T
c
ab = 0, (B38)
where ↵ denotes either ↵ or ↵˙. Note that the constraint preserves the super-di↵eomorphism
and the super local Lorentz symmetry.
With the torsion constraint, covariant superfields, namely the torsion and the curvature
are expressed by the superfields R, G↵↵˙ and W↵   satisfying the following conditions [51],
D†↵˙R = 0, (G↵↵˙)† = G↵↵˙, D†↵˙W    = 0,
D↵G↵ ˙ = D† ˙R†, D↵W↵   +
i
2
⇣
D  ˙G  ˙ +D  ˙G  ˙
⌘
= 0, (B39)
with W↵   being symmetric in its indices.
c. Supergauge transformation
The supergauge transformation is a combination of the super-di↵eomorphism and the
super local Lorentz symmetry which is covariant under the super-di↵eomorphism and the
super local Lorentz symmetry. It is just a convenient rearrengement of the symmetries.
A superfield with a Lorentz index transforms under the super-di↵eomorphism and the
super local Lorentz transformation as
 V A(z) =  ⇠M(z)@MV A(z) + V B(z)LBA(z)
=  ⇠MDMV A + V B⇠C CBA + V BLBA. (B40)
If one takes field-dependent LB
A such that
LB
A =  ⇠C CBA, (B41)
the transformation of V A is given by
 ⇠V
A =  ⇠BDBV A. (B42)
We refer to this transformation as the supergauge transformation.
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d. Gauge fixing and supergravity transformation
With the supergauge symmetry and the super local Lorentz symmetry, many components
of the super vielbein and the super spin connection are gauged away. We keep the lowest
component (✓ and ✓† independent part) of the supergauge symmetry and that of the super
local Lorentz symmetry unused in order to manifestly preserve the di↵eomorphism, the
supergravity (explained below) and the local Lorentz symmetry. Higher components are
used to eliminate gauge degree of freedoms. Especially, the lowest component of the super
vielbein and the super spin connection are cast into the form,
EM
A| =
0BBB@
ema
1
2 m
↵ 1
2 m↵˙
†
0  ↵µ 0
0 0  µ˙↵˙
1CCCA ,
 mA
B| = !mAB,  µAB =  µ˙AB| = 0, (B43)
where X| denotes the lowest component of the superfield X. !mAB is the spin connection
which is expressed by the vielbein ema and the gravitino  m
↵ due to the torsion constraint.
The torsion, curvature and covariant derivative, out of which an action is constructed, are
expressed by the following fields,
em
a : vielbein,  m
↵ : gravitino, M : auxiliary scalar, ba : auxiliary vector,
which we collectively refer to as the supergravity multiplet. Here, M and ba are defined by
R| =  1
6
M, Ga| =  1
3
ba. (B44)
A supergravity transformation is a combination of the supergauge transformation and
the super local Lorentz symmetry with parameters,
⇠a| = 0, ⇠↵| = ⇣↵, LAB| = 0, (B45)
and higher components are chosen so that the gauge condition in Eq. (B43) is preserved.
By a small calculation, the supergravity transformation is determined as
⇠↵(z) = ⇣↵(x), ⇠a(z) = 2i
⇥
✓ a⇣†(x)  ⇣(x) a✓†⇤ ,
L↵ (z) =
1
3
 
✓↵
⇥
2⇣ (x)M
⇤(x)  b  ˙(x)⇣  ˙†(x)
⇤
+ (↵$  ) . (B46)
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parameter see Eq(s). descriptions
1) super-di↵eomorphism ⇠M (x, ✓, ✓†) (B34)
2) super local Lorentz LAB(x, ✓, ✓†) (B34)
3) supergauge ⇠M (x, ✓, ✓†) (B42) 1) and 2) with LAB(⇠)
4) supergravity ⇣↵(x) (B46) part of 2) and 3)
5) di↵eomorphism ⇠m(x) (B34) part of 1)
6) local Lorentz L↵ (x) (B34), (B49) part of 2) and 3)
TABLE IV: Summary of transformations
It is at this point where non-linearily appears in the transformation law.
Let us comment on the di↵eomorphism and the local Lorentz symmetry. The di↵eomor-
phism preserves the gauge condition in Eq. (B43), and hence remains unchanged after the
gauge fixing procedure. The local Lorentz transformation, on the other hand, does not pre-
serve the gauge condition because it transforms Eµ
↵| as  µ↵ !  µ L ↵(x). Thus, the local
Lorentz transformation must involve a compensating supergauge transformation to preserve
the gauge condition. The transformation of the super vielbein under the supergauge and
the super local Lorentz transformation is given by
 EM
A =  DM⇠A   ⇠BTBMA + EMBLBA. (B47)
Especially,
 Eµ
↵| =  @µ⇠↵|    µ⇠m|Tm ↵|+   µL ↵|. (B48)
Putting ⇠m| = 0 to avoid a mixing with the di↵eomorphism, the compensating transforma-
tion is given by the supergauge transformation with
⇠↵(z) =   µL 
↵(x)✓µ. (B49)
So far, we have encountered various transformations. For convenience, we summarize the
property of transformations in Table IV.
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e. Chiral and real multiplet
Chiral superfields are defined by the constraint,
D†↵˙  = 0. (B50)
Their components are defined by
A =  |,  ↵ = 1p
2
D↵ |, F =  1
4
D↵D↵ |. (B51)
For a given superfield X without local Lorentz indices, the following superfield is a chiral
superfield, ⇣
D†↵˙D↵˙†   8R
⌘
X. (B52)
Real superfields are defined by the constraint,
V † = V. (B53)
f. Super-di↵eomorphism and super local Lorentz invariant action
Let us construct a super-di↵eomorphism and super local Lorentz invariant action in the
super coordinate zM = (xm, ✓µ, ✓†µ˙). Under the super-di↵eomorphism and the super local
Lorentz transformation, an Einstein and Lorentz scalar V (z) transforms as
 V (z) =  ⇠(z)M@MV (z), (B54)
where ⇠ parameterizes the super-di↵eomorphism. It can be seen that a mere integration of
V (z) by
R
d8z =
R
d4xd2✓d2✓† does not yield an invariant action.
In order to obtain the supergravity action, we consider the super determinant of the super
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vielbein,50
E = sdet
 
EM
A
 
. (B57)
The transformation law of the super vielbein is given by
 EM
A =  ⇠N@NEMA  
 
@M⇠
N
 
EN
A + EM
BLB
A. (B58)
Then the transformation of E is given by
 E = E ⇥ str  EAM EMB  =  @M ⇣( )M ⇠ME⌘ . (B59)
The product of an Einstein and Lorentz scalar V (z) and E transforms as
  (EV ) =  @M
⇣
( )M ⇠MEV
⌘
, (B60)
which is a total derivative. Hence, the super-di↵eomorphism and the super local Lorentz
invariant action is given by Z
d4xd2✓d2✓†EV + h.c., (B61)
where V is an Einstein and Lorentz scalar.
g. Chiral representation
The expression of the action in Eq. (B61) is not convenient for practical calculations.
One needs tedious calculations to expand given superfields by ✓ and ✓†. Calculations are
simplified by constructing an action in a chiral representation. A draw back is that a part
of a manifest super-di↵eomorphism and super local Lorentz invariance are lost because
50 Consider a matrix M with bosonic and fermionic components,
M =
 
Aab Ba 
C↵b D↵ 
!
, (B55)
where Latin indices and Greek indices denote bosonic and fermionic indices. The super determinant is
defined by
sdetM = detabAab
det↵ (D↵    C↵bA 1baBa ) (B56)
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we construct an action in a gauge-fixed form.51 A manifest di↵eomorphism, supergauge
transformation, and local Lorentz transformation invariance are maintained.52
The chiral coordinate (xm,⇥↵) is a coordinate system such that the expansion of a chiral
scalar field   is given by
  = A(x) +
p
2⇥↵ ↵(x) +⇥
2F (x). (B62)
Then the supergravity transformation of chiral scalar fields is given by [51]
   =  ⌘M(x,⇥)@M ,
⌘m = 2i⇥ m⇣† + · · · ,
⌘↵ = ⇣↵ + · · · , (B63)
where the ellipses denote terms given by ⇣ and the supergravity multiplet. Here and here-
after, indices M,N, · · · denote the chiral coordinate (xm,⇥↵). In the flat limit, a global
supergravity transformation (⇣↵(x) = const.) in the chiral representation reduces to a global
SUSY transformation in the chiral representation (see Eq. (B24)).
In order to construct an action invariant under the supergravity transformation, we define
chiral densities. Chiral densities are functions of (x,⇥) whose supergravity transformation
is given by
   =  @M
h
⌘M  ( )M
i
. (B64)
A product of a chiral density   and a chiral scalar   is also a chiral density;
 (  ) = @M
h
⌘M   ( )M
i
. (B65)
Then, a supergravity invariant action is given byZ
d4xd2⇥  . (B66)
In order to achieve the di↵eomorphism invariance, we consider a chiral density whose
lowest component is a determinant of the vielbein, e = det (ema). Such chiral density E is
51 It might be possible to preserve the manifest super-di↵eomorphism and super local Lorentz invariance by
introducing compensator fields.
52 Otherwise, one cannot eliminate the gauge degree of freedoms in the vielbein and the gravitino.
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constructed by comparing the supergravity transformation law of the supergravity multiplet
with Eq. (B64),
2E = e
h
1 + i⇥  †a  ⇥2
n
M † +  †a ¯
ab †b
oi
. (B67)
Note that E is scalar under the local Lorentz transformation. Apparently, the di↵eomorphism
of E and   is given by
 E =  @M
h
⌘ME ( )M
i
,    =  ⌘M@M ,
⌘m(z) = ⌘m(x), ⌘↵(z) = 0. (B68)
Then, an action invariant under the di↵eomorphism, the local Lorentz transformation, and
the supergravity transformation is given byZ
d4xd2⇥2E + h.c.. (B69)
For example, the Einstein gravity and the kinetic term of the gravitino are given by
SEG =  3M2pl
Z
d4xd2⇥2ER + h.c.. (B70)
The kinetic term of a chiral scalar multiplet   is given by
Skin =  1
8
Z
d4xd2⇥2E
⇣
D†↵˙D↵˙†   8R
⌘
 † + h.c.. (B71)
APPENDIX C: SUPER-WEYL TRANSFORMATION
In this section, we summarize the super-Weyl transformation law of various superfields
and their components.
1. Vielbein, connection and covariant derivative
The super-Weyl transformation of the vielbein and the connection is the transformation
of them such that
 EM
a / EMa (C1)
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and the torsion constraint in Eq. (B38) is preserved. The super-Weyl transformation of the
vielbein is given by
 EM
a =
 
⌃+ ⌃†
 
EM
a,
 EM
↵ =
 
2⌃†   ⌃ EM↵ + i
2
EM
a(✏ a)
↵
↵˙D†↵˙⌃†
 EM
↵˙ =
 
2⌃  ⌃† EM ↵˙ + i
2
EM
a ↵˙ a D ⌃, (C2)
where ⌃ is an arbitrary chiral multiplet. The super-Weyl transformation of the connection
is given by
  MB
A = EM
C⌦CB
A,
⌦ ↵  =   (✏ ↵D  + ✏  D↵)⌃, ⌦ ˙↵˙ ˙ =
⇣
✏ ˙↵˙D† ˙ + ✏ ˙ ˙D
†
↵˙
⌘
⌃†,
⌦ ↵˙ ˙ = ⌦ ˙↵  = 0,
⌦ ab = 2( ab) 
 D ⌃, ⌦ ˙ab =  2( ¯ab) ˙  ˙D† ˙⌃†,
⌦c↵  =   ( cb✏)↵  Db
 
⌃+ ⌃†
 
, ⌦c↵˙ ˙ = (✏ ¯cb)↵˙ ˙ Db
 
⌃+ ⌃†
 
,
⌦cab = (⌘bcDa   ⌘acDb)
 
⌃+ ⌃†
 
. (C3)
2. Supergravity multiplet
The super-Weyl transformation of the gravity multiplet is obtained by calculating the
transformation of torsions from Eqs. (C2) and (C3). The transformations of the superspace
curvature R and the superspace vector G↵↵˙ are given by
 R =  4⌃R  1
4
 D†2   8R ⌃†,
 G↵↵˙ =  
 
⌃+ ⌃†
 
G↵↵˙   iD↵↵˙
 
⌃  ⌃†  . (C4)
By taking the lowest component of Eqs. (C2) and (C4), we obtain the transformation
law of component fields,
 em
a =
 
⌃+ ⌃†
  |ema,
  a
↵ =
 
⌃†   2⌃  | a↵   i ¯↵˙↵a D†↵˙⌃†|,
 M =  2  2⌃  ⌃†  |M + 3
2
D†2⌃†|,
 b↵↵˙ =  
 
⌃+ ⌃†
  |b↵↵˙ + 3iD↵↵˙  ⌃  ⌃†  |, (C5)
where ema,  a
↵, M and b↵↵˙ are the vielbein, the gravitino, the auxiliary scalar, and the
auxiliary vector, respectively. X| denotes the lowest component of a superfield X.
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3. Chiral multiplet
The super-Weyl transformation of a chiral multiplet Q is defined by
 Q = wQ, (C6)
where w is the Weyl weight of Q. By remembering the definition of component fields,
A = Q|,  ↵ = 1p
2
D↵Q|, F =  1
4
D2Q|, (C7)
and the transformation law of the connection in Eq. (C3), we obtain
 A = w⌃|A,
  ↵ =
 
⌃  2⌃†  | ↵ + w 1p
2
D↵ (⌃Q) |,
 F = 2
 
⌃  2⌃†  |F  p2D↵⌃| ↵ + w D2
4
(⌃Q) | (C8)
4. Vector multiplet
The Super-Weyl transformation of a vector multiplet U is defined by
 U = w0(⌃+ ⌃†)U, (C9)
where w0 is the Weyl weight of U . Then the transformation of the chiral projection of U is
given by
 
⇥ D†2   8R U⇤ =  D†2   8R  ⇥(w0   4) + (w0 + 2)⌃†⇤U (C10)
5. Gauge multiplet
The super-Weyl transformation of a gauge multiplet V is defined by
 V = 0. (C11)
Then the superspace fields strength defined by
W↵ ⌘  1
4
 D†2   8R   e 2VD↵e2V   , (C12)
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transforms as
 W ↵ =  3⌃W ↵. (C13)
From the definition of component fields,
 ↵ =
i
2
W ↵|, D =  1
4
D↵W↵|, v↵↵˙ =  1
4
h
D↵,D†↵˙
i
, (C14)
and Eq. (C3), we obtain
  ↵ =  3⌃| ↵,
 D =  2  ⌃+ ⌃†  |D,
 v↵↵˙ =  
 
⌃+ ⌃†
  |v↵↵˙ (C15)
6. Transformation with a fixed chiral coordinate
We may also consider the super-Weyl transformation of chiral superfields with fixing the
definition of the chiral coordinate (x,⇥) while transforming components fields according to
Eqs. (C5), (C8) and (C15). This transformation is convenient when the supergravity action
is given in a chiral coordinate.
The expansion of the chiral density E is given by
E = 1
2
e
⇣
1 + i⇥ a †  ⇥2
⇣
M † +  †a 
ab †b
⌘⌘
. (C16)
We define the transformed chiral density E 0 by
E 0 = 1
2
e0
⇣
1 + i⇥ a 0†  ⇥2
⇣
M 0† +  0†a  
ab 0†b
⌘⌘
, (C17)
where X = X 0 +  X for a component field X. Then the transformation of E is written as
 E = E   E 0 = 6⌃E + @
@⇥↵
(S↵E) ,
S↵ ⌘ ⇥↵  2⌃†   ⌃  |+⇥2D↵⌃|. (C18)
In the similar way, we obtain transformation laws of R, Q and the chiral projection of U as
 R =  4⌃R  1
4
 D†2   8R ⌃†   S↵ @
@⇥↵
R , (C19)
 Q = w⌃Q  S↵ @
@⇥↵
Q ,
 
⇥ D†2   8R U⇤ =  D†2   8R  ⇥(w0   4) + (w0 + 2)⌃†⇤U   S↵ @
@⇥↵
⇥ D†2   8R U⇤ .
The transformation given in Eqs. (C18) and (C19) is the one we use in Sec. III.
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APPENDIX D: SUPER-DIFFEOMORPHISM INVARIANT MEASURE
In this appendix, we show that the measure given in Eq. (36) is invariant under the
super-di↵eomorphism.53
1. Di↵eomorphism
Before discussing supergravity, we construct the di↵eomorphism invariant measure of a
real scalar field  (x) and a Weyl fermion  (x) [163]. Under an infinitesimal di↵eomorphism,
 ,  and a vielbein ema transforms as
 (x) !  0(x) =  (x)  ⇠n(x)@n (x),
 (x) !  0(x) =  (x)  ⇠n(x)@n (x),
em
a(x) ! ema0(x) = ema(x)  ⇠n(x)@nema(x)  (@m⇠n (x)) ena(x), (D1)
where ⇠m parameterize the di↵eomorphism. Then the determinant of the vielbein e ⌘
det(ema) transforms as
e(x)! e0(x) = e(x)  @m (⇠me(x)) . (D2)
Let us first discuss the measure of the scalar  (x). In order to define the path-integral
measure, we consider a complete set { n} normalized asZ
d4x m(x) n(x) =  nm. (D3)
The following field,
 ˜ = e1/2 , (D4)
transforms under the di↵eomorphism as
 ˜!  ˜0 =  ˜  ⇠m@m ˜  1
2
(@m⇠
m)  ˜. (D5)
We expand  ˜ by { n},
 ˜(x) =
X
n
an n(x), (D6)
53 As we have mentioned in Sec. III B, the “super-di↵eomorphism” given in Eqs. (34) and (D18) is not the
full super-di↵eomorphism, but a part of it.
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and define the path-integral measure by
[D ˜] ⌘
Y
n
dan. (D7)
Let us calculate the Jacobian in the transformation of the measure. an and a0n are related
by
a0n =
Z
d4x ˜0(x) n(x)
= an  
Z
d4x n(x)

⇠m(x)@m ˜(x) +
1
2
(@m⇠
m)  ˜(x)
 
=

 nk  
Z
d4x n(x)
⇢
⇠m(x)@m +
1
2
(@m⇠
m (x))
 
 k(x)
 
ak
⌘ ( nk +Mnk)ak. (D8)
Then the Jacobian is given byY
m
da0m =
Y
m
dam ⇥ J, (D9)
lnJ = ln det( nk +Mnk) = tr(Mnk)
=  
X
n
Z
d4x n(x)
⇢
⇠m(x)@m +
1
2
(@m⇠
m (x))
 
 n(x)
=  1
2
X
n
Z
d4x@m {⇠m n n(x)}
= 0. (D10)
In the last line, we have assumed that ⇠m(x) vanishes su ciently fast at infinity. We have
shown that the measure given in Eq. (D7) is invariant under the di↵eomorphism.
For later convenience, we show the invariance of the measure in a slightly di↵errent way.
The transformation of the measure in Eq. (D7) is given by
[D ˜0] =
Y
x
[d ˜0(x)] =
Y
x
[d ˜(x)]Detx0x00
  ˜0(x00)
  ˜(x0)
= [D ˜]Detx0x

1  ⇠m(x)@m   1
2
@m⇠
m(x)
 
 4 (x0   x)
= [D ˜]J,
lnJ =  Trx0x

⇠m(x)@m +
1
2
(@m⇠
m(x))
 
 4 (x0   x)
=  
Z
d4xd4x0 4 (x0   x)

⇠m(x)@m +
1
2
(@m⇠
m(x))
 
 4 (x0   x) . (D11)
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The product of delta functions is handled by the completeness relation,X
n
 n(x) n(x
0) =  4(x0   x). (D12)
By replacing one of the delta function in Eq. (D11), we obtain ln J = 0.
Similarly, the di↵eomorphism invariant measure of the Weyl fermion  is given by
[D ˜][D ˜†], (D13)
 ˜(x) ⌘ e1/2(x) (x). (D14)
The di↵eomorphism invariance of the measure can be proven in the same way as the case of
the scalar. A crucial di↵erence is that the cancellation like that in Eq. (D10) occurs between
the contribution from [D ˜] and [D ˜†].
Finally, we show the di↵eomorphism invariance of the measure [D ˜] from a very definition
of the path-integral measure. We define a path-integral measure of scalar fields byZ
[DC]exp

1
2
iA
Z
d4xC(x)2
 
= N, (D15)
where A and N are constants. Then the measure [D ˜] satisfiesZ
[D ˜]exp

1
2
iA
Z
d4x ˜(x)2
 
=
Z
[D ˜]exp

1
2
iA
Z
d4xe (x)2
 
= N. (D16)
Since the exponent as well as N are di↵eomorphism invariant, the measure [D ˜] is also
di↵eomorphism invariant.
2. Super-di↵eomorphism
Next, let us discuss the super-di↵eomorphism invariance of the measure in Eq. (36),
[DQdi↵ ] = [D (2E)1/2Q]. (D17)
Under the transformation given in Eq. (34),
Q! Q0 = Q  ⌘M(x,⇥)@MQ ,
E ! E 0 = E   ⌘M(x,⇥)@ME   ( )M
 
@M⌘
M (x,⇥)
  E , (D18)
the variable Qdi↵ transforms as
Qdi↵ ! Q0di↵ = Qdi↵   ⌘M(x,⇥)@MQdi↵  
1
2
( )M  @M⌘M (x,⇥) Qdi↵ . (D19)
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Then, the path-integral measure [DQdi↵ ] transforms as (see Eq. (D11)),
[DQ0di↵ ] = [DQdi↵ ]⇥ exp [ sTrz0,zO(z0, z) ] , (D20)
O(z0, z) ⌘  

⌘M@M +
1
2
( 1)M  @M⌘M    6(z0   z) , (D21)
sTrO(z0, z) =
Z
d6zd6z0 6(z0   z)O(z0, z) . (D22)
where we have collectively represented x and ⇥ by z. A naive conclusion is that the super-
trace vanishes due to the saturation of Grassmann variables ⇥ and ⇥0 from the delta func-
tions in Eqs. (D21) and (D22). However, since there is also a factor of  4(x0   x), which is
well-defined only after integrating over x or x0, one should carefully investigate the integra-
tion.
To examine the the integration, let us expand the delta function by plane waves,
 6(z0   z) =
Z
d4k
(2⇡)4
d2⌧  k, ⌧ (z0) k,⌧ (z) , (D23)
 k,⌧ (z) ⌘ exp(ikx+ 2i⌧⇥) . (D24)
By substituting this expression into Eq. (D22), the above super-trace is expressed by,
sTrO(z0, z) =  
Z
d6z
Z
d4k
(2⇡)4
d2⌧  k, ⌧ (z)

⌘M@M +
1
2
( )M  @M⌘M   k,⌧ (z) . (D25)
Now, let us notice an identity,Z
d6z k,⌘(z)

⌘M@M +
1
2
( )M  @M⌘M   k,⌘(z) = 1
2
( )M
Z
d6z@M
⇥
 k,⌘ (z) ⌘
M k,⌘ (z)
⇤
= 0 , (D26)
where we have used the property that an integration of a total derivative vanishes. By using
this identity several times, the super-trace can be rearranged as
sTrO(z0, z) =  1
2
Z
d6z
Z
d4k
(2⇡)4
d2⌧ ( k,⌧ (z) +  k, ⌧ (z))
⌘M@M +
1
2
( )M  @M⌘M   ( k,⌧ (z) +  k, ⌧ (z))
=  1
4
( )M
Z
d6z
Z
d4k
(2⇡)4
d2⌧@M
⇥
( k,⌧ (z) +  k, ⌧ (z)) ⌘M ( k,⌧ (z) +  k, ⌧ (z))
⇤
= 0 . (D27)
This shows that the measure given in Eq. (36) is actually invariant under the super-
di↵eomorphism. It should be noted that the transformation law in Eq. (D19) is crucial to use
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Eq. (D26), and hence, the super-di↵eomorphism invariance does not hold for measures with
di↵erent weights [D(2E)nQ] (n 6= 1/2). In fact, the super-di↵eomorphism transformation
of [D(2E)nQ] (n 6= 1/2) is accompanied by Konishi-Sizuya anomaly [121]. This argument
provides an superfield expression of the arguments in Ref. [163] reviewed in the provious
subsection.
As is the case with the di↵eomorphism invariance, there is a quicker route to show the
super-di↵eomorphisim invariance of [DQdi↵ ]. The path-integral measure of superfields in
the chiral superspace is defined byZ
[DC]exp

i
2
A
Z
d6zC2
 
= N , (D28)
where A and N are normalization constants. Then the measure [DQdi↵ ] satisfiesZ
[DQdi↵ ]exp

i
2
Z
d6zQ2di↵
 
=
Z
[DQdi↵ ]exp

i
2
Z
d6z 2E QQ
 
= N . (D29)
Now, since
R
d6z2EQQ is invariant under the super-di↵eomorphism as Q is a chiral scalar
multiplet, so is the path-integral measure [DQdi↵ ] = [D(2E)1/2Q].
In fact, under the super-di↵eomorphism,
E 0 = E    SDE , Q0 = Q   SDQ , (D30)
we have the following identities
N =
Z
[D (2E)1/2Q]exp

i
2
Z
d6z 2E QQ
 
,
=
Z
[D (2E 0)1/2Q0]exp

i
2
Z
d6z 2E 0Q0Q0
 
,
=
Z
[D (2E 0)1/2Q0]exp

i
2
Z
d6z 2E QQ
 
. (D31)
Here, the second equality is just a change of variable. We have used a super-di↵eomorphism
invariance of the exponent in the third equality. Thus, from these identities, we find that
[D (2E 0)1/2Q0] = D[(2E)1/2Q] , (D32)
which again shows the super-di↵eomorphism invariance of the measure [DQdi↵ ]. In the same
token, we can derive the super-di↵eomorphism invariance of the measure of a scalar multiplet
V in a real superspace,
[DVdi↵ ] = [DE
1/2V ] . (D33)
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APPENDIX E: ANOMALY MEDIATED GAUGINO MASS IN SUSY BREAK-
ING WITH SINGLET
In this section, we discuss the anomaly mediated gaugino mass when SUSY is broken by
F terms of singlet chiral fields.
1. Classical action
We start from the supergravity action with the super-Weyl compensator C,
L =
Z
d2⇥ 2E 3
8
 D†2   8R CC†exp [ K/3] + 1
16g2
Z
d2⇥ 2EW ↵W↵ + h.c.. (E1)
Here, we take the unit with Mpl = 1. We parametrize the components of C as
C =  +
p
2⇥ +⇥⇥F, (E2)
in the chiral coordinate. Note that these components are gauge degree of freedoms, and we
can freely choose them.   can be used to choose the frame of gravity theory. The most
convenient choice is,
  = exp[K/6], (E3)
which yields the Einstein frame gravity.   can be chosen in order to remove mixings between
the gravitino and chiral matter fields.
In order to find a convenient choice for F , let us solve the equation of motion of the
auxiliary component of the gravity multiplet and the chiral matter multiplets, M and F i.
From Eqs. (27), (42) and (E1), Lagrangian terms which depend on M , F i and F are given
by
e 1L = e K/3

| |2Ki¯iF iF i¯†   3|F   13 KiF
i|2   1
3
| |2|M |2
+ †(F   1
3
 KiF
i)M +  (F   1
3
 KiF
i)†M †
 
+
⇥
3 2FW +  3WiF
i  M † 3W + h.c.⇤ (E4)
By solving the equation of motion of M and F i, we obtain
M = 3( †) 1
 
F †   eK/3 2W  Ki¯F i¯† (E5)
F i =  Kij¯  1 †2eK/3
h
W †j¯ +Kj¯W
†
i
(E6)
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In this formulation, it is NOT necessary to solve the equation of motion of F , because it is
a gauge degree of freedom.
We take a gauge in which M = 0, that is,
F = eK/3 †2W † +
1
3
 KiF
i. (E7)
This choice simplifies calculation and hence is frequently adopted in the literature. In the
gauge where   = exp(K/6) and M = 0, F i and F are given by
F i =  eK/2Kij¯
h
W †j¯ +Kj¯W
†
i
, (E8)
F = eK/6

eK/2W † +
1
3
KiF
i
 
= eK/6

m3/2 +
1
3
KiF
i
 
. (E9)
We adopt this gauge in the following.
2. Anomaly mediation from the compensator
Note that the Lagrangian in Eq. (E1) possesses the following formal super-Weyl symme-
try,
C 0 = e 2⌃C,
E 0 = e6⌃E + · · · ,
R0 =  1
8
e 4⌃
 D†2   8R  e2⌃† ,
W
0↵ = e 3⌃W↵
Q
0i = Qi,
D0↵ = e⌃ 2⌃†D↵ + · · · . (E10)
This symmetry must be anomaly free. Otherwise, one cannot gauge away the super-Weyl
compensator C to come back to the original theory without C.
To see the anomaly of the formal super-Weyl symmetry, let us consider the U(1)R part,
⌃ = i↵ where ↵ is a real constant. Fermion parts of the chiral multiplet,  i, and the gaugino
  transforms as
 i
0
↵ =
1p
2
(D↵Qi)0| = e3i↵ i↵,
 0↵ =
i
2
W 0↵| = e 3i↵ ↵. (E11)
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This transformation is anomalous;
[D i][D i¯†][D ][D †] = [D 
0i][D 
0 i¯†][D 0][D 
0†]ei Sano ,
 Sano = ↵
Z
d4x
1
32⇡2
✏abcdFAabF
A
cd ⇥ 3
 
TG  
X
i
Ti
!
, (E12)
where TG and Ti are the Dynkin index of the adjoint representation and the chiral multiplet
Qi, respectively. In the superspace, Eq. (E12) is expressed as
 Sano = i↵
Z
d4xd2⇥2E 1
128⇡2
WA↵WA↵ (3TG   3
X
i
Ti) + h.c.. (E13)
This anomaly is cancelled by adding a counter term
Sc.t. =   1
256⇡2
Z
d4xd2⇥2E lnCWA↵WA↵ (3TG   3
X
i
Ti) + h.c., (E14)
whose variation under the U(1)R symmetry cancels with Eq. (E13).54
Finally, let us separate the chiral multiplets from the super-Weyl compensator by a
transformation
Qis = CQ
i. (E15)
This transformation is anomalous,
[DQi][DQi†] = [DQis][DQ
i†
s ]e
i Sc ,
 Ss =
1
128⇡2
Z
d4xd2⇥2E lnCWA↵WA↵
X
i
Ti + h.c.. (E16)
Adding Eqs. (E14) and (E16), we obtain
 S =
1
256⇡2
Z
d4xd2⇥2E lnCWA↵WA↵ (3TG  
X
i
Ti) + h.c.. (E17)
From Eq. (E9) and (E17), the gaugino mass from the F term of the super-Weyl compen-
sator is given by
(M /g
2)SW =
1
16⇡2
(
X
i
Ti   3TG)

m3/2 +
1
3
KiF
i
 
. (E18)
When SUSY is broken by F terms of singlet chiral fields, hKiF ii = O(m3/2) in general.
54 This counter term is induced by the anomaly of the super-Weyl transformation performed to introduce
the super-Weyl compensator.
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3. Anomaly mediation from SUSY breaking field
Let us consider the coupling of F terms of SUSY breaking fields with Qis in the Kahler
potential. We denote the SUSY breaking fields and their F terms as ZI and F I . From
Eq. (E1), couplings between the F terms and Qis are given byZ
d2✓d2✓†QisQ
j¯†
s

Kij¯
✓
1  1
3
KIF
I✓2   1
3
KI¯F
I¯†✓†2
◆
+Kij¯IF
I✓2 +Kij¯I¯F
I¯†✓†2
 
. (E19)
Here, Qi is a chiral multiplet while Kij¯, KI and Kij¯I are lowest components of the corre-
sponding superfields. Then canonically normalized fields are given by
Qlc = Q
i
sUi
kc1/2k
✓
1  1
3
KIF
I✓2
◆
 k
l + c 1/2k U
†
k
i
Kij¯IF
IU j¯ l¯c 1/2l ✓
2
 
,
Kij¯ ⌘ Uikck kl¯U †l¯ j¯, (E20)
where U is the unitary matrix and ck are positive real constant. Canonicallization induces
the F term of the gauge kinetic function,Y
i
[DQis] =
Y
i
[DQic]⇥ ei Sc , (E21)
 Sc =
1
128⇡2
Z
d4xd2⇥2E
"
 1
3
KIF
I
X
i
Ti✓
2 +
X
i
Ti(ln detKij¯)IF
I✓2
#
WA↵WA↵ + h.c..
Here, we have used the identity
ln detkl
h
 k
l + c 1/2k U
†
k
i
Kij¯IF
IU j¯ l¯c 1/2l ✓
2
i
= trlnkl
h
 k
l + c 1/2k U
†
k
i
Kij¯IF
IU j¯ l¯c 1/2l ✓
2
i
= trkl
h
c 1/2k U
†
k
i
Kij¯IF
IU j¯ l¯c 1/2l ✓
2
i
= (tr lnKij¯)IF
I✓2 = (ln detKij¯)IF
I✓2.(E22)
Then the gaugino mass is given by
(M /g
2)SUSY =
1
8⇡2
1
3
KIF
I
X
i
Ti   1
8⇡2
X
i
Ti(ln detKij¯)IF
I (E23)
We note that it is crucial to start from the path-integral measure [DQi]. If one starts from
measures [DQif(Z)] with a generic function f , one obtains di↵erent results from Eq. (E23).
Assuming the measure [DQi], adding Eqs. (E18) and (E23), we obtain
M /g
2 =
1
16⇡2
(
X
i
Ti   3TG)m3/2 + 116⇡2 (
X
i
Ti   TG)KIF I   1
8⇡2
X
i
Ti(ln detKij¯)IF
I ,
(E24)
which is consistent with Ref. [111].
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APPENDIX F: ANNIHILATION OF GLUINO
In this section, we derive the leading order annihilation cross section of the gluino used
in Sec. VB. We formulate the Sommerfeld e↵ect with the non-relativistic e↵ective theory of
the gluino.
1. Non-relativistic e↵ective action
Let us first derive a non-relativistic e↵ective actin of the gluino. We assume that squarks
are heavy enough that they do not a↵ect the interaction of the gluino except for its decay.
The interaction of the gluino eGa with the gluon Gaµ is described by the action,
S =
Z
d4x

 1
4
F aµ⌫F
µ⌫
a  
1
2
(@Ga)2 +
1
2
eGa(i/@  M) eGa + i
2
gsf
abc eGa /Gb eGc  , (F1)
where
F aµ⌫ = @µG
a
⌫   @⌫Gaµ + gsfabcGbµGc⌫ , (F2)
andM and gs are the mass of the gluino and the SU(3) gauge coupling constant, respectively.
Here, we have taken the Feynman - ’t Hooft gauge and the gluino is expressed as a Majorana
field. Ghost fields are irrelevant for the leading order calculation.
In the calculation of the annihilation of the gluino, the time-like degree of freedom of the
gluino field and the soft degree of freedom of the gluon field do not appear in external lines.
By integrating them out, we obtain
Se↵ =
Z
d4x

 1
4
F aµ⌫F
µ⌫
a  
1
2
(@Ga)2 +
1
2
eGa(i/@  M) eGa + i
2
gsf
abc eGa /Gb eGc 
+
Z
d4xd4y
h
  i
2
g2sf
abcfade eGd(y)/Ge(y)SF (y   x) /Ab(x) eGc(x)
  i
8
g2sf
abcfade eGd(y) µ eGe(y)Dµ⌫F (y   x) eGb(x) ⌫ eGc(x)i, (F3)
where
SF (y   x) =
Z
time-like
d4pe ip(y x)
i(/p+M)
p2  M2 + i✏ (F4)
Dµ⌫F (y   x) =
Z
soft
d4pe ip(y x)
 igµ⌫
p2 + i✏
. (F5)
In the Dirac representation, the non-relativistic gluino field   is defined by
G˜a =
0@ e imt a + ieimtr· 2M ( a)c
eimt( a)c   ie imtr· 2M  a
1A , (F6)
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where the charge conjugation is defined by
( a)c = i 2( a)⇤. (F7)
By substituting Eq. (F6) into Eq. (F3), we obtain
Se↵ =
Z
d4x
h
  1
4
F aµ⌫F
µ⌫
a  
1
2
(@Ga)2 +  a†
✓
i
@
@t
+
r2
2M
◆
 a
+
i
2
gsf
abcGai
 
e2iMt b† i( c)c + e 2iMt( b†)c i c
  i
+
Z
dtd3xd3y
 ↵3(x  y)
kx  yk3 e
 Mkx yk (1 +Mkx  yk) i
2
fabcfadeGei(x, t)Gbj(y, t)
⇥
h
i✏ikje2imt d†(x, t)( c)c(y, t) + i✏ikje 2imt( d)c†(x, t) c(y, t)
+e2imt d†(x, t)( kj i +  ki j    ij k)( c)c(y, t)
+e 2imt( d)c†(x, t)( kj i +  ki j    ij k) c(y, t)
i
+
Z
dtd3xd3y
1
4
fabcfade
↵3
kx  yk (F8)h
 b†(x, t)( d)c(y, t)( c)c†(x, t) e(y, t)   b†(x, t) i( d)c(y, t)( c)c†(x, t) i e(y, t)
i
.
Let us replace a pair of gluinos with a two body state field. We introduce auxiliary fields
by inserting the identity,
1 =
R
[D µ↵RR ][Ds
µ↵R†
R ]exp
h
i
2
R
dtd3xd3y µ↵RR (x,y, t)
⇥
⇣
sµ↵R†R (y,x, t)  C↵Rab  a†(x, t) µ( b)c(y, t)
⌘ i
, (F9)
and its conjugate. Here, R indicates representations of SU(3) and ↵R denotes indices of the
representation R. C↵Rab are the Clebsch-Gordan coe cient for a decomposition Ad⌦ Ad!
1   8A   8S   10   1¯0   27. By integrating out  , s, and their conjugate, we obtain the
e↵ective action,
SNRe↵ =
R
d4x
⇥ 14F aµ⌫F µ⌫a   12(@Ga)2⇤
+
P
R,↵R,µ
R
d3rd4x
h
 µ↵R†R (r, x)(i@t +
r2x
4M +
r2r
M   VR(r)) µ↵RR (r, x)
+ µ↵R†R (r, x)D
µ↵
R (r, x) +  
µ↵R
R (r, x)D
µ↵†
R (r, x)
i
, (F10)
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where
VR(r) = cR
↵3
r
, (F11)
cR =
1
2
(C2(R)  C2(Ad)  C2(Ad)) =
8>>>>>>>><>>>>>>>>:
 3 R = 1
 32 R = 8
0 R = 10
+1 R = 27,
(F12)
D0↵RR (r, x) = ↵3
rk
r3
e Mr(1 +Mr)e2iMtcRC
↵R
ab ✏
ikjGai(x+
r
2
, t)Gbj(x  r
2
, t), (F13)
Di↵RR (r, x) =  R8A ↵Ra 
3(r)igs
p
3e2iMtGai(x+
r
2
, t) (F14)
 i↵3 1
r3
e Mr(1 +Mr)e2iMtcRC
↵R
ab [r
jGai(x+
r
2
, t)Gbj(x  r
2
, t)
+rjGaj(x+
r
2
, t)Gbi(x  r
2
, t)  riGa(x+ r
2
, t) ·Gb(x  r
2
, t)].
 0 and  i correspond to a pair of gluinos with a spin 0 and 1, respectively. Accodring to
Landau-Yang’s theorem [164, 165], a spin-one state cannot decay into two gluons. Therefore,
the matrix element calculated from the second term in Eq. (F14) should vanish if the two
gluons are on-shell.
Let us take the annihilation of the gluino into account. Since we consider non-relativistic
processes, the annihilation is dominated by s-waves and hence the annihilation is expressed
by a local four Fermi term,
Sanie↵ = i 
µ,R
ani
X
R,↵R,µ
i
N
Z
d4xC↵Rab  
a†(x) µ( b)c(x)C↵R⇤cd ( 
d)c†(x) µ c(x), (F15)
where N = 2.55 With two body state fields, the Fermi term is expressed asX
R,↵R,µ
Z
d3rd4x µ↵R†R (r, x)2i 
µ,R
ani  (r) 
µ↵R
R (r, x) (F16)
Let us calculate  µ,Rahi by matching tree level calculations of the annihilation cross section
of non-relativistic gluinos with forward scattering amplitudes calculated from Eq. (F15),
with an aid of the optical theorem.
55 If the two body state is composed of Dirac particles, N = 1 and the bilinear should be replaced as
C↵Rab  
a†(x) µ( b)c(x)! C↵Rab  a†(x) µ⌘b(x), where ⌘ is the field which creates an anti-particle.
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For spin-0 states, annihilation cross sections are given by
 v(R, µ = 0! GG) =
8><>:
4⇡
M2↵
2
3c
2
R (R = 1, 8S, 27)
0 (R = 8A, 10, 1¯0),
(F17)
while those of spin-1 states are given by
 v(R, µ = i! uu¯, dd¯, · · · ) =
8><>:6⇥
2⇡
M2↵
2
3 (R = 8A)
0 (otherwise).
(F18)
Note that spin-1 states do not annihilate into two gluinos, which is consistent with the
Landau-Yang’s theorem.
Annihilation cross sections are related with forward scattering amplitudes by the optical
theorem for two body scatterings:
ImM( eG eG! eG eG) = 1
2
s v ' 2M2 v, (F19)
where s ' 4M2 is the center of mass energy. Here, M is the invariant matrix element
normalized by
< f |iT |i >= (2⇡)4 (4)(pi   pf )iM, (F20)
with the Lorentz invariant normalization of one-particle states,
< q|p >= 2Ep(2⇡)3 (3)(p  q). (F21)
With this normalization, the invariant amplitude calculated by the action in Eq. (F15)
is given by
ImM(R, µ! R, µ) = 8NM2 µ,Rani . (F22)
Hence,  µ,Rahi is given by
56
 µ,Rahi =
1
4N
 v(R, µ! GG or qq¯). (F23)
Specifically,
 0,1ani =
9⇡
2M2
↵23,  
0,8S
ani =
9⇡
8M2
↵23,  
0,27
ani =
⇡
2M2
↵23,  
i,8A
ani =
3⇡
2M2
↵23. (F24)
56 Note the di↵erence of the factor of 4 from the formula given in Refs. [139, 166]. This is because we
consider the annihilation cross section for a particular initial spin state while that in Refs. [139, 166] is
the averaged one. Our treatment would be useful when one handles various color and spin states.
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2. Extraction of s-wave component
Non-relativistic annihilation processes are dominated by s-waves. Thus, it is useful to
extract an s-wave component of a given initial state. For that purpose, we insert a complete
set of asymptotic two body s-wave states,
1 ⇠
X
 
Z
d3P
(2⇡)3
dk
2⇡
|P, k,  >< P, k, |, (F25)
< P0, k0, 0|P, k,  > = (2⇡)4 (3)(P P0) (k   k0)   0 , (F26)
where P and k denote the total momentum and the relative momentum of the two body
state.   labels the discrete quantum number of the two body state, such as the color and
the spin. k is related with the relative velocity v by k = Mv/2. In the following, we omit
the index   to simplify notation. By inserting the complete set, the forward scattering
amplitude of a state |i > by its s-wave component is given by
< i|iT |i > |s =
Z
d3P
(2⇡)2
dk
2⇡
| < P, k|i > |2iM(P, k), (F27)
< P0, k0|iT |P, k >⌘ (2⇡)4 (3)(P P0) (k   k0)iM(P, k). (F28)
The state |P, k > is constructed by
|P, k >= kp
2⇡
Z
d⌦k
4⇡
c ↵ a
†
↵(
P
2
+ k)a† (
P
2
  k)|0 >, (F29)
where a†↵(p) is the creation operator of a particle with a momentum p and a quantum
number ↵. c ↵  is a coe cient to construct the quantum number  , which is normalized by
c ↵ c
 0
↵  =  
  0 . With a normalization
{a↵(p), a (p0)†} = (2⇡)3 (3)(p  p0) ↵ , (F30)
it can be shown that the normalization in Eq. (F26) holds.
Let us consider the two-body state in the center-of-momentum system;
|i >= |0,k >= 2Ekc ↵ a†↵(k)a† ( k)|0 >, (F31)
where Ek =
p
k2 +m2 =
p
s/2 ' M . The state is normalized in the Lorentz invariant way
and has a overlap with the state |P0, k >,
< P0, k0|i >= 2M
(2⇡)3/2
(2⇡)4 (3)(P0) (k   k0). (F32)
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By remembering that the total energy of the initial state is given by P 0 ' 2M + k2/M ,
we obtain
 (k   k0) ' 2k
M
 (P 0   P 00). (F33)
Hence, the forward scattering amplitude of the state |i > is given by
< i|iT |i > |s = 16⇡M
k
iM(0, k)⇥ V T, (F34)
where V T = (2⇡)4 (4)(P   P ).
3. Forward scattering amplitude and the Green’s function
Next, let us relate M with the Green’s function of the two body state fields,
G(E; r, r0) ⌘ i
Z
d4xeiEx
0
< T (r, x) †(r0, 0) > . (F35)
The relation is given by the Lehmann-Symanzik-Zimmermann (LSZ) reduction formula [167]
we derive in this subsection.
We start from the e↵ective Lagrangian,
Se↵ =
R
d3rd4x †(r, x)
⇣
i@t +
r2x
4M +
r2r
M   V (r) + 2i (r) ani
⌘
 (r, x). (F36)
As an asymptotic initial state, we consider the state with two free gluinos. Therefore, to
derive the LSZ reduction formula, we first expand   by ignoring the potential and the
annihilation terms. Further, since we consider only the s-wave state, we reduce   as
 (r, x)!
Z
dk
2⇡
kp
⇡
sinkr
kr
 k(x). (F37)
With this reduction, the e↵ective Lagrangian is given by
Se↵ =
Z
d4x
dk
2⇡
 †k(x)(i@t +
r2x
4M
  k
2
M
) k(x) (F38)
We define the annihilation operator by
 k =
Z
d3P
(2⇡)3
e iEP,kt+iP·xa(P, k), EP,k =
P2
4M
+
k2
M
. (F39)
The conjugate momentum and the canonical quantization condition are given by
⇡k(x) =
 Se↵
  ˙k(x)
= i †k(x) = i
Z
d3P
(2⇡)3
eiEP,kt iP·xa†(P, k),
[ k(x), ⇡k0(y)] |x0=y0 = i2⇡ (k   k0) (3)(x  y), (F40)
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which requires
⇥
a(P, k), a†(P0, k)
⇤
= (2⇡)4 (3)(P P0) (k   k0). (F41)
It can be easily shown that the state,
|P, k >⌘ a†(P, k)|0 >, (F42)
satisfies the normalization given in Eq. (F26). Then the matrix element of the field  k(x)
between the vacuum and the asymptotic two gluon free state is given by
< 0| k0(x)|P, k >= 2⇡ (k   k0)e iEP,kt+iP·x. (F43)
With the exactly same procedure as the derivation of the LSZ formula for relativistic
field theories, one can derive a formula,Z
d4xeiEt iP·x
Z
d4ye iE
0t0+iP0·x0 < T k(x) 
†
k0(x
0) >
! i
E   EP,k + i✏
i
E 0   EP0,k0 + i✏ < P, k|S|P
0, k0 > (for E ! EP,k, E 0 ! EP0,k0), (F44)
which yields
< 0, k|S|0, k > =  limE!k2/M+i✏(E   k
2
M
)2
Z
d4xeiEt < T k(x) 
†
k(0) >
⇥(2⇡)4 (3)(P P) (k   k) (F45)
By remembering the inverse of the reduction in Eq. (F37),
 k(x) =
Z
d3r
kp
⇡
sinkr
kr
 (r, x), (F46)
we obtain,
< 0, k|S|0, k > = 8⇡iM
k
limE!k2/M+i✏
✓
E   k
2
M
◆2 Z
drdr0rr0sin(kr)sin(kr0)G(E; r, r0)⇥
(2⇡)4 (3)(P P) (k   k),
G(E; r, r0) ⌘ i
Z
d4xeiEx
0
< T (r, x) †(r0, 0) > . (F47)
From Eq. (F28) and (F47), M(0, k) is given by
iM(0, k) = 8⇡iM
k
limE!k2/M+i✏
✓
E   k
2
M
◆2 Z
drdr0rr0sin(kr)sin(kr0)G(E; r, r0), (F48)
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with the contribution from the free propagation subtracted.
Finally, with the optical theorem, we obtain
 v(µR! anything) = 64⇡
2
k2
limE!k2/M+i✏
✓
E   k
2
M
◆2
⇥Z
drdr0rr0sin(kr)sin(kr0)Im
h
GµR(E; r, r0)
i
,
GµR(E; r, r0) = i
Z
d4xeiEx
0
< T µ↵RR (r, x) 
µ↵R
R (r
0, 0)† >, (F49)
where we have denoted the   = {µ,↵R} dependence explicitly.57
4. Solution of Green’s function
Let us calculate the Green’s function of the gluino pairs:
G(E; r, r0) = i
Z
d4xeiEx
0
< T (r, x) †(r0, 0) >, (F50)
where we have again omitted indices µ, R and ↵R. From the action of   given in Eq. (F36),
the Green’s function satisfies
  r2r
M
+ V (r)  E   2i ani (r)
 
G(E; r, r0) =  3(r  r0). (F51)
As we have mentioned, we consider only the s-wave state since it dominantly contributes
to the annihilation of the gluino. For the s-wave, Eq. (F51) becomes
   1
M
(
d2
dr2
+
2
r
d
dr
) + V (r)  E   i ani  (r)
2⇡r2
 
G(E; r, r0) =
1
4⇡r2
 (r   r0). (F52)
With g(E; r, r0) ⌘ 4⇡rr0G(E; r, r0), Eq. (F52) becomes✓
  1
M
@2
@r2
+ V (r)  E   i ani  (r)
2⇡r2
◆
g(E; r, r0) =  (r   r0). (F53)
Let us first neglect  ani and solve Eq. (F53) analytically. We denote the solution as g(0).
 ani is taken into account as a perturbation later. For a dimensionless variable x ⌘ Mr,
Eq. (F53) with  ani = 0 is ✓
  @
2
@x2
  ↵
x
   2
◆
g(0) =  (x  x0), (F54)
57 Again, note the di↵erence of factor 4 from the formula given in Ref. [139, 166].
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where  2 ⌘ E/M and ↵ ⌘  cR↵3. The solution for Eq. (F54) is expressed as [168]
g(0) = f>(x)f<(x
0)✓(x  x0) + f<(x)f>(x0)✓(x0   x), (F55)✓
  @
2
@x2
  ↵
x
   2
◆
f>,<(x) = 0, (F56)
f<(0) = 0, f
0
<(0) = 1, f>(0) = 1. (F57)
Note that the function f>(x) is not yet fixed. Since f> corresponds to an out going wave
sourced by the delta function, we put a condition that f>(x) contains only an out going
modes / ei x at x!1.58 Then the solution for f> is given by
f>(x) =  (1  i ↵
2 
)Wi ↵2  ,
1
2
( 2i x), (F58)
where W is the Whittaker function. For x!1, f>(x) behaves as
f>(x)! ei xxi ↵2  ( 2i )i ↵2  (1  i ↵
2 
) ⌘ ei xxi ↵2 A. (F59)
To the first order in  ani, g is given by
g(E; r, r0) ' g(0)(E; r, r0) +
Z
dr00g(0)(E; r, r00)i ani
 (r00)
2⇡r002
g(0)(E; r00, r0)
= g(0)(E; r, r0) + i ani
M2
2⇡
f>(Mr)f>(Mr
0). (F60)
Let us note subtlety read o↵ from the asymptotic form of the Green’s function. As
can be seen from Eq. (F59), for x ! 1, the Green’s function have a non-trivial phase
exp[i↵/(2 )lnx], in addition to a trivial phase exp(i x) which corresponds to free particles.
This means that our assumption of free incident particles is not good. The non-trivial
phase appears due to a long-range force mediated by gluons. In thermal bath in the early
universe, however, gluons obtain their thermal masses and hence the long-range force is
screened. Thus, the non-trivial phase should vanish once thermal e↵ects are taken into
account. In the following, we simply drop the non-trivial phase in Eq. (F59). Then, the
wave function of gluinos at infinity is simply enhanced (or declined) by a constant A, in
comparison with the trivial one, f>(x!1)|↵=0 = ei x.
58 Technically speaking, this boundary condition is chosen by the i✏ prescription. If an incoming mode
exists at x!1, the Green’s function diverges at infinity due to the small imaginary part in  , Im  > 0.
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5. Annihilation cross section
We are now at the point to calculate the annihilation cross section of the gluino. From
Eqs. (F49) and (F60), we obtain
 v( eG eG! anything) = 8
k2
 ani ⇥ Re
h
lim
E! k2M +i✏
✓
E   k
2
M
◆Z
dxsin(
k
M
x)f>(x)
i2
, (F61)
where we have omitted indices µ,R. Here, we have subtracted a term proportional to g(0)
which corresponds a scattering between gluinos.
Let us evaluate the factor in the parenthesis. Note that the factor vanishes unless the
integration diverges. Thus, we may replace the integrand with its asymptotic form for
x!1 given in Eq. (F59). Observing that
limE!k2/M+i✏
✓
E   k
2
M
◆Z 1
dxsin(
k
M
x)ei x = k, (F62)
we find
 v( eG eG! anything) = 8 aniRe[A2]. (F63)
The cross section given in Eq. (F63) includes not only the annihilation into gluons and
quarks, but also includes the scattering into a pair of gluinos. Let us extract the former
contribution in a intuitive way. As we have mentioned, the factor A expresses the enhance-
ment (or decline) of the wave function of gluinos by a constant, f>(x ! 1) = ei xA. The
factor A would enter the annihilation amplitude simply as a multiplication factor. Then,
the annihilation cross section into gluinos and quarks is given by
 v( eG eG! GG, qq¯) = 8 ani|A|2. (F64)
In the end, we obtain
 v(µ,R) = 8 µ,Rani ⇥ |Aµ,R|2 = 8 µ,Rani ⇥
2⇡cR↵s,R/v
Exp(2⇡cR↵s,R/v)  1 (F65)
'
8><>:8 
µ,R
ani 2⇡( cR)↵s,Rv cR < 0
0 cR > 0.
(for v ⌧ 2⇡|cR|↵s,R)
Here, ↵s,R is the fine structure constant of the QCD evaluated at the scale µR which is
determined by [153]
µR =
M
2
|cR|↵3(µR). (F66)
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FIG. 11: Enhancement factor  vtot/ vtot,tree.
A spin and color averaged annihilation total annihilation cross section is given by
 vtot =
1
64⇥ 4 [1⇥  v (0, 1) + 8⇥  v (0, 8S) + 27⇥  v (0, 27) + 8⇥ 3⇥  v (i, 8A)]
' 81⇡
16
↵s,8
v
⇥ ⇡↵
2
s,UV
M2
=
18⇡
7
↵s,8
v
 vtot,tree, (F67)
where  vtot,tree = 63⇡↵2s,UV/(32M
2). Here, we have used the approximation that ↵s,1 ' ↵s,8
and neglected the contribution from 27 representation. This approximation induces only an
error of one percent. In Fig. 11, we show the enhancement factor  vtot/ vtot,tree.
APPENDIX G: WINO ANNIHILATION CROSS SECTIONS
Here, we summarize annihilation cross sections of the wino. As already mentioned in
main text, there are six annihilation modes: fW 0fW 0, fW+fW , fW 0fW±, and fW±fW±. Initial
states of fW 0fW 0 and fW±fW± form only spin-0 states, while those of other modes form both
spin-0 and spin-1 states. Below, we carefully present the cross sections in each mode .
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1. fW fW  annihilation
Since this is the annihilation between identical particles, its initial sate forms only a spin-0
state, and it annihilates into W W  pair. The cross section shown here can also be applied
to its conjugate case, namely fW+fW+ ! W+W+.
 0v|WW = 4⇡↵
2
2
M22

1  m
2
W
M22
 3/2 
1  m
2
W
2M22
  2
. (G1)
2. fW 0fW  annihilations
Cross sections presented here can also be applied their conjugate cases. When the initial
state forms a spin-0 state, it annihilates into W Z and W  .
 0v|WZ = 2⇡↵
2
2c
2
W
M22
"
1  m
2
W +m
2
Z
2M22
+
 
m2W  m2Z
 2
16M42
#3/2 
1  m
2
W +m
2
Z
4M22
  2
, (G2)
 0v|W  = 2⇡↵
2
2s
2
W
M22

1  m
2
W
2M22
+
m4W
16M42
 3/2 
1  m
2
W
4M22
  2
. (G3)
On the other hand, when the initial state forms a spin-1 state, it annihilates into ff¯ 0,
W h, and W Z. Those cross sections are given as follows. Below, we only show the cross
section of fW 0fW  ! e ⌫¯ as a representative of fW 0fW  ! ff¯ 0.
 0v|e⌫¯ = ⇡↵
2
2
3M22

1  m
2
W
4M22
  2 
1  m
2
e
4M22
 2 
1 +
m2e
8M22
 
, (G4)
 0v|Wh = ⇡↵
2
2
12M22

1  m
2
W
4M22
  2 "✓
1 +
m2W  m2h
4M22
◆2
+ 2
m2W
M22
#
⇥
"
1  m
2
W +m
2
h
2M22
+
 
m2W  m2h
 2
16M42
#1/2
, (G5)
 0v|WZ = ⇡↵
2
2
12M22
"
1  m
2
W +m
2
Z
2M22
+
 
m2W  m2Z
 2
16M42
#3/2 
1  m
2
W +m
2
Z
4M22
  2
⇥

1  m
2
W
4M22
  2 
1 +
5
2
m2W +m
2
Z
M22
+
m4W +m
4
Z + 10m
2
Wm
2
Z
16M42
 
. (G6)
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3. fW 0fW 0 annihilation
Since the neutral wino is a Majorana particle, its initial state forms only a spin-0 state.
A pair of the neutral wino annihilates only into W+W .
 0v|WW = 8⇡↵
2
2
M22

1  m
2
W
M22
 3/2 
1  m
2
W
2M22
  2
. (G7)
4. fW+fW  annihilations
When the initial state forms a spin-0 state, it annihilates into   , W+W , ZZ, and Z .
Corresponding cross sections of these annihilation channels are as follows:
 0v|   = 4⇡↵
2
2s
4
W
M22
, (G8)
 0v|WW = 2⇡↵
2
2
M22

1  m
2
W
M22
 3/2 
1  m
2
W
2M22
  2
, (G9)
 0v|ZZ = 4⇡↵
2
2c
4
W
M2

1  m
2
Z
M22
 3/2 
1  m
2
Z
2M22
  2
, (G10)
 0v|Z  = 8⇡↵
2
2c
2
W s
2
W
M2

1  m
2
Z
2M22
+
m4Z
16M42
 3/2 
1  m
2
Z
4M22
  2
, (G11)
On the other hand, when the initial state forms a spin-1 state, it annihilates intoW+W ,
Zh, and ff¯ . Below, Qf and I3f denote electric charge and SU(2)L charge respectively, while
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kf is defined as kf ⌘M2[1 m2f/M22 ]1/2.
 0v|WW = ⇡↵
2
2
12M22

1  m
2
W
M22
 3/2 
1  m
2
W
2M22
  2 
1  m
2
Z
4M22
  2
⇥

1  m
2
Z  m2W
2M22
 2 
1 +
5m2W
M22
+
3m4W
4M42
 
, (G12)
 0v|Zh = ⇡↵
2
2
12M22

1  m
2
Z
4M22
  2 "✓
1 +
m2Z  m2h
4M22
◆2
+ 2
m2Z
M22
#
⇥
"
1  m
2
Z +m
2
h
2M22
+
 
m2Z  m2h
 2
16M42
#1/2
, (G13)
 0v|ff¯ =
⇡↵22
6M22
kf
M2
"
4s4WQ
2
f
 
3  k
2
f
M22
!
  3m
2
f
M22
I23f
✓
1  m
2
Z
4M22
◆ 2
+4s2WQf
 
I3f   2s2WQf
  
3  k
2
f
M22
!✓
1  m
2
Z
4M22
◆ 1
+4
 
s4WQ
2
f   I3fs2WQ+ I23f/2
  
3  k
2
f
M22
!✓
1  m
2
Z
4M22
◆ 2#
. (G14)
5. Mixing between fW 0fW 0 and fW+fW 
Since fW 0fW 0 and the spin-0 state of fW+fW  have the same quantum number, they are
mixed each other. In order to evaluate the Sommerfeld factor for the states, we have to
calculate the imaginary part of the transition amplitude between fW 0fW 0 and fW+fW . As
can be easily understood from the interaction of the neutral wino, the intermediate state of
the amplitude is the W boson pair, which is evaluated as
 0v|fW 0fW 0$fW+fW !WW = 2⇡↵
2
2
M22

1  m
2
W
M22
 3/2 
1  m
2
W
2M22
  2
. (G15)
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